1 X-Ray Physics

1.1 Introduction

One of the main methods to decode the structure of condensedtter on atomic scale
is x-ray diraction. While it was originally used to analyze crystalline structures such as
metals, it can also be used to gain insights on the structurd proteins. In that case, the
protein must either be available in its crystallized form oicontain crystalline components,
as is the case for spider silk.

In the electromagnetic spectrum x-rays are to be found betwa ultraviolet light and
high energy gamma rays. The wavelength range lies betwee®D.and 10nm and is
therefore of the order of distances between molecules angstal lattice constants. X-
rays with wavelengths longer than 1 nm are callesbft x-rays, those of shorter wavelengths
are considerechard. Hard x-rays may range into the regime of low energy rays, since the
distinction between the two is derived from the source of raation, not its wavelength.
X-rays are generated by energetic electron processes, gaamays by transitions in atomic
nucleons.

1.2 Creation of x-rays

Today, there are two commonly used di erent methods to creatx-rays. The rstis based
on decelerating very fast electrons by ring them at a heavy etal target. As explained by
Maxwell's equations, the electrons will emit electromagtie radiation upon deceleration,
which is called theBremsstrahlung The true interest lies, however, in the electrons that
have enough energy to knock metal electrons out of their skel This will cause electrons
from upper shells to drop down and Il the created gap, thergbemitting a photon with
an energy corresponding to the energy di erence between thevels ( gure 1). The x-rays
produced by transitions from then = 2 to the n = 1 levels are calledK x-rays, those
forn =3 - 1 are calledK x-rays. The energy e ciency of this process is only about
0:1%, most is lost in heat. Two of the most common elements used treate x-rays in
this fashion are copper and molybdenum.

The alternative is to use x-ray radiation from synchrotronswhich are usually linear
electron accelerators combined with storage rings. Herehe electrons are kept ying
in a circle at a well-de ned speed, giving o reasonably morghromatic x-rays as they
go. The brilliance of the x-rays by far surpasses that of thenes created by characteristic
radiation. Electron storage rings are huge and expansivegwever, two of the most famous
ones being the DAISY in Hamburg, the ESRF in Grenoble and the ERN in Gereve.
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Fig. 1: Bremsstrahlung with characteristic radiation peak. Taken from [1].

1.3 Basics of x-ray scattering
1.3.1 Thomson scattering

In the classical description of the scattering process, ardeetron is forced to vibrate
by the electric eld of an incoming x-ray beam. Because the msa of an electron is
over a thousand times lighter than that of a nucleon, the resting vibration and the
corresponding emitted intensities are a lot higher. This ithe reason why x-rays give a
picture of the electron densities of a material and not of thaucleon positions themselves.
To derive the scattering intensities of a material, it is theefore useful to start with the
scattering by a single electron and move from there to atomsnolecules and crystals.
Using Maxwell's equations, it can be derived that the ratio bmagnitude between radiated
and incident eld of a single electron is given by:
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1.3 Basics of x-ray scattering

is called theThomson scattering lengththe angle is the angle between incident and
scattered beam,R is the distance between the observer and the electrok,= (2 )= is
the absolute value of the wave vectore is the elementary chargeg the speed of light,m
the mass of the electron, the x-ray wavelength and ( the electric constant.

1.3.2 Scattering by a single atom

Now the scattering from an atom withZ electrons can be described. For simplicity, a
purely classical description is used, so that the electronstribution can be described as a
number density (¥). The resulting radiation eld is the superposition of the ©ntributions
from all di erent volume elements of the charge distributio. Let K and K“be the wave
vectors of the incident and the scattered wave, respectiyel Then the phase di erence
between a wave that is scattered by a volume element at the gimm and one scattered at
point f is:

H=(K—KY) - +=Q ¥
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Fig. 2. Left: Wave vector transferQ during scattering from a molecule. Right: A two
dimensional crystal lattice with intersheet spacingl. Taken from [2].
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Q is called the wave vector transfer. _Assuming elastic scatteg %2 [Q the

scattering triangle shown in gure 2 yields@gt 2 @ in . So a volume elementd+ at

+ contributes with an amount of —r, (¥)d* to the scattered eld with a phase factor of
€'@". The total scattering length of an atom is then given by

1
—r1of%(Q)= —ry (¥ dE (2)



1.4 Kinematical diraction

f 9(Q) is the atomic form factor. In the limit of small Q all volume elements scatter
in phase, so that forQ = 0 the atomic form factor can be taken to beZ, the number
of electrons in the atom. The largeiQ becomes, the more the di erent volume elements
scatter out of phase so that in the limit whereQ approaches in nity, the atomic form
factor becomes zero. Dropping the classical approach froincwe, one has to consider the
binding energy of the electron's shell, which will reducestability to respond to the driving
eld by f{~!), and a phase lag with respect to the driving eld related to Asorbtion by
if ~!). So the full atomic form factor is:

f(Q;~1)=foQ)+ f{~1)+ if {~!): (3)

Here~= h=(2 ), where h is Planck's constant, and! is the angular frequency.

1.4 Kinematical diraction

Based on theThomson scattering described above, we look at scattering from mocem-
plicated objects such as molecules and crystals. To allow fan easier description of such
complex structures, the scattering is assumed to be weak. dtis, the e ect of multiple
scattering will be completely neglected. This simpli catbn is known as thekinematical
approximation.

1.4.1 Two and more electrons

The simplest possible system to look at is that composed of dwelectrons. Assuming
one is placed at the origin agjaze er at point, the scattering vector for elastically

scattered x-rays is given by = sin , where is the scattering angle. For an

incident beam polarized perpendicular to the plane spanndyy kK and K~to maximize the
Thomson acceleration of the electrons, the scattering anifpide can be expressed as

o I
A(Q)= —ro 1+¢€° ; (4)

which corresponds to an intensity of

L] L]
1(Q) = A(QA(Q)"=2r§ 1+cos@ )

For an assembly ofN electrons labelled by index the amplitude can be generally
written as:

1
AQ)= —ro €91 (5)
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1.4 Kinematical diraction

The problem with the above description is that the orientaton of the vector+ has
to be speci ed with respect to the wave vector transfer. For wiecules or aggregates in
solution this orientation varies with time and the measuredntensity is a superposition of
all possible orientations.

1.4.2 Orientational averaging

To calculate the scattering from two di erent particles with scattering amplitudesf; and
f,, one stationed at the origin and the other at positiorr, we start with the assumption,
that the particles are stationary. Then we can write the scaering amplitude as

A(Q) = fi+ fo e

and the intensity is given by

A(Q) = ff"‘ f22+ flfzeiQF+ flfge_iQF:

Now we leave the distance between the molecules xed, but@l its direction to vary
randomly with time. The measured intensity can then be obtaied by averaging over all
possible orientations. Assuming spherical symmetry of thavolved particles this gives:

D:(Q) IQient: av: — f 12 + f22 +2f 1f 2 @QF @ient:av:: (6)

The orientational average of the phase factor is given by:

L1 .
e'l‘:?_'rclOs sin dd

sin dd
[1 [TI1 _[1

=4

ERAEE:

The integral in the enumerator may be evaluated as follows:
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So the orientational average of the phase factor may be wrh as:

sin(Qr) ,
Qr -

Graphs resulting from such calculations are shown in gure.3

[|er ledient.av: = (7)
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Fig. 3: Calculated intensity for two electrons (a) without aad (b) with orientational
averaging, (c) intensity of a hydrogen-like system.
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1.4.3 Scattering from a molecule

A molecule is a speci ¢ arrangements of atoms, so labellinge atoms byj , the scattering
amplitude can be written as follows:

mol — I:l i .
F™(Q) = f;(Q)e™n:

f]

For molecules, the orientational averaging is more tedious calculate. Nevertheless,
Debye derived the following expression for a system of N pafes with the scattering
amplitudesfq;f,:::fy in 1915:

1
€00 =Ifa+ [fol+ i [fn (8)
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wherer;; = | — 15].

1.4.4 Example: CF,

Now let us consider tetra uoromethane ( gure 4), i.e. Ck, as an example. The four uor
atoms are placed on the verticed; B; C; D of a tetrahedron with the carbon atom in the
center O. fabeglling the four CF bonds by R, the length of each of the siX-F -bonds is
given by 8=3R. For simplicity let us assume that the scattering vectoiQ be parallel to
one of theCF-bonds. Then the molecular scattering factor may be express as:

Fm0|(Q) — fC(Q) + fF(Q) I%Ie—iQR=3 + e—iQRl:l

Calculating the orientational average according to equain 6 gives ( gure 5):

“: moI|2 — |f |2+4|f |2+8f Cf F SIn(QR) 12|f |2 Sln(q—8—|_3R)
QR Q 8=3R
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Fig. 4. The CF4 molecule
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Fig. 5: Amplitude of the structure factor squared. Solid lie: without, dash-dotted line:
with orientational average, dotted: molybdenum, which pasesses the same number of
electrons
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1.4.5 Side note: Primitive and conventional unit cell

Prior to discussing the scattering from crystals, it seemsparopriate to repeat the tow
main de nitions of unit cells as they are commonly used in catensed matter physics.
Any three dimensional lattice may be represented by a set dttice vectors as follows:

Rn = Ni&y + Ny& + N3y

Every such Bravais-) lattice possesses characteristic translational and rational sym-
metries. Furthermore we can choose a set of vectors for eaattite, such that the volume
of the corresponding unit cell is minimized. The unit cell ominimum volume is called
the primitive unit cell, the vectors spanning it are theprimitive lattice vectors. In case
the unit cell ought to better represent the structure of the gystal, a non-minimal choice
for the unit cell might be desirable. Such unit cells are catl conventional ( gure 6).
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Fig. 6: primitive (a), non-primitive (b) and non-conventional (c) unit cells

To represent a complete crystal structure, one additionallrequires a basis of atoms
or molecules to be assigned to each lattice point ( gure 7).

Considering all imaginable symmetries of basis and latticeesults in a variety of 32
possible point groups and 230 symmetry groups. Refer to siect 4.1 for some information
on the Miller indices used to describe di erent sets of plaise The lattice in real space is
called direct lattice to allow a distinction from lattices de ned on di er ent spaces, such
as thereciprocal lattice ( gure 8).
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Fig. 7: Creation of a crystal structure using its lattice andbasis
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1.4.6 Scattering from a crystal lattice

A crystal lattice in three dimension can be characterized bg set of vectors

Rn = N1y + Ny + N3dg!

Here n;, n, and n3 are integers, while the vectorss;, & and & de ne the three
dimensional unit cell of the crystal. To gain a complete degption of a crystal, we need
to construct a basis of molecules or atoms which should be tsame for each and every
lattice site. The simplest possible approach to x-ray di ration from such a crystal is to
treat it as an interference of rays scattered by a multitude foequidistant lattice planes.
Maximum constructive interference occurs, when the path dirence between scattered
waves is an integer multiple of the wavelength. For an incident ray making an angle

with the scattering lattice planes, set a distanced apart from each other, the path
di erence between the incoming and the scattered ray is gimeby 2dsin . The formula
to nd the maxima of the corresponding interference patterrknown asBragg's lawis

m =2dsin ; 9)

wherem is an integer value (see gure 9). For a more advanced treatmieof x-ray
di raction, that gives insight on the precise intensities letween the maxima, it is important
to have a good way of describing the families of lattice plas@esponsible for the observed
interference patterns. The convention is to use the Millendices f; k; 1) de ned as follows:
For a given family of planes, the plane closest to the origirels intercepts @;=h; a&=k; a=I)
with respect to the axes#&;&;8& and h;k;| all have integer values. Negative intercepts
are represented with a bar over the number. It may be shown théor a cubic lattice with
lattice parameter a, the spacing between a certain family of planes is given by

a

Chit = T

Any atom can now be found by the sum of a vectoR,,, specifying its unit cell, and
a vector ¥j, specifying its position within the unit cell. This means that the scattering
amplitude for a crystal factorizes into two terms and may be vitten as

crystal — I%l iQF I% .
F Q= F™(Q)e el (10)
(1 mm Ofonc

structure factor lattice sum

The rst term is the so-called structure factor from the basis of the molecules, the
second is thelattice sum The latter term is of enormous importance, because the sum-
mation is over a huge number of terms= 10*?). Each of the terms is a complex number
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located somewhere on the unit circle. Because the orientati is random, the summation
is of order unity. But in case all phases are 2or a multiple thereof, the sum will suddenly
be equal to the huge number of terms. We are therefore inteted in solving.

QR, =2 -integer. (11)

The ideal solution is to construct a lattice in wave vector oreciprocal space spanned
by the basis vectors ;a5 %al) which ful |l

B G =2 i

Here ;; is the Kronecker delta, i.e. j; =1 for i = j and zero otherwise. Using this
de nition all points on the reciprocal lattice are describd by

G = ha+ kal+ 1al

whereh; k; | are the Miller indices. It is now evident, that all vectors orthe reciprocal
lattice satisfy equation 11 because the scalar product Gf and R, is given by

G- Rn =2 (hn1+ kn2+ |n3);

where there are only integer values within the parenthesi® she sum is also an inte-
ger. This implies a non-vanishing scattering amplitude wilbe measured, ifQ equals a
reciprocal lattice vector. This condition is called theLaue condition for the observation
of x-ray di raction.

Q=G (12)

To nd the reciprocal vectors corresponding to a given lattie, the following algorithm
may be used
2 2 2
BT B XB BT —GXB B — 8 X
uc uc uc

whereV,. = & ' (& X &) is the volume of the unit cell in real space ana,; b; care its
side lengths. It is worthwhile to note that this condition isfully equigﬁnt to the Bragg

condition for re ection from atomic planes with the spacingd = 2 =

= 2dsin (13)

The proof can be found in [2] and is indicated in gure 9.
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Fig. 9: Equivalence of Bragg (left) and Laue (right) [2].

1.4.7 Reconstruction of crystal structures

The seemingly simple issue of going from a measured x-rayustiure back to the corre-
sponding real space lattice is in reality quite complicatedsince not theF, but the square
of the scattering amplitude |F |2 is measured. This means that any phase information is
lost in the process. This is referred to as thphase problemand is one of the main topics
of crystallography.

To get a decent idea of what the diraction pattern of a certan crystal looks like
despite this problem, it su ces to take equation 10 and assumthat F™/(Q) = F™' = Z.
The real problem is of course to gure out what kind of crystalstructure is responsible
for the scattering pattern observed in an experiment. In mascases this is an under-
determined inverse problem and it is usually solved by makjnassumptions about the
structure beforehand. This is necessary, because only tmeensity, i.e. the square of the
structure factor, can be measured in an experiment and the pke information is lost in
the process. Therefore, a simple fourier back transform Wwilot yield the desired result.
Let us start with the simplest possible assumption, that thescattering pattern is derived
from a cubic lattice. In this case the spacing of the system iag Miller indices is given
by diz = M, wherea is the side length of the unit cell. If this assumption is coect

a2

according to Bragg's law the following equation must hold

2 2
sin? = s (> + k?+ 1%) = 72 S = const:
Depending on whether the cubic lattice is body-centered, da-centered or diamond
cubic the values ofs vary accordingly and allow a decision between the three type For
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non-cubic crystal systems the expressions for the latticpacings turn out to be more
complicated. A few examples are given below

tetragonal : 1=d = a(h? + k?) + cl?
hexagonal : £f = a(h? + hk + k?) + cl?
orthorombic : 1=cf = ah? + bié + cl?

For more complex structures, such as folded proteins, a sitegrystal system will not
Su ce as approximation to give a decent result. So in the casef crystallized proteins,
the di raction patterns are taken at a variety of di erent an gles and from those patterns
an electron density pro le is calculated. Combining this wth the initial knowledge about
the structure of proteins even this kind of problem becomeslsable.

1.5 The Debye-Scherrer formula

At this point we drop the assumption of an in nitely large crystal and instead focus on the
in uence of the crystal size on the scattering intensity prde, which will then no longer
be composed of delta peaks as equation 11 implies. If the patherence between rays
scattering in the rst and second layer of a crystal is only a garter wavelength, these
two rays do not cancel each other completely. It is the wavedm the third layer that
is necessary to gain a path di erence of half a wavelength armbmpletely cancel the ray
re ected from the rst layer. Analogously, the second and farth layer along with the
third and fth and so on would cancel each other. If the path dierence between the rst
two planes is just slightly less than an integral number of weelengths, as is the case near
Bragg peaks, the plane scattering a ray completely out of pka with the one scattered
in the rst layer lies deep within the crystal. So if the crysal is too small for this plane
to exist, the intensity cannot be cancelled out completelylLet us now examine a crystal
of thicknesst in direction perpendicular to the re ecting planes. The Brgg angle now
serves as variable with g being the angle that exactly satis es the Bragg condition.

=2dsin g

In gure 10 the rays A;D and M make precisely this angle with the re ecting planes.
Ray DY scattered by the rst plane below the surface, is one wavelgth out of phase
with AY ray M "is m wavelengths out of phase with it. At the diraction angle 2 g all
these rays are in phase and unite to form a beam of maximum ariiptle. Ray B makes
a slightly larger angle ; with the re ecting plane, such that ray L “from the mth plane is
(m + 1) wavelengths out of phase withBY This means that in the middle of the crystal
there is a plane scattering a ray that is exactly an integer pk one-half wavelength out
of phase withB" So the rays scattered by the upper half of the crystal cancekactly
with those scattered by the lower half of the crystal and; is the smallest angle where
complete destructive interference occurs. This is also tlease for an angle ; which is
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a bit smaller than g so that the path di erence between the ray scattered by the st
and the last plane is (n — 1) wavelengths. These are the two limiting angles where the
intensity of the di racted beam drops to zero. Note that thisimplies that the intensity

is greater than zero all the way from , to ; as depicted in gure 11.

[ P

Fig. 10: Scattering from a nite number of equidistant plans [3].

The width of diraction curves increases as the thickness dahe crystal decreases,
because the angular range (2 — 2 ,) increases asn decreases. As a measure of the
peak width, the full width at half maximum FWHM , denoted by B, is used. As an
approximation B = %(2 1—23)= 11— ,ischosen, since this yields the exact FWHM
for a Gaussian. The path di erence equations for these two gles related to the entire
thickness of the crystal are given by:

2tsin ;1 =(m+1)
2tsin ,=(m—1)

Subtracting the above equations yields:
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Fig. 11: FWHM for a crystal of nite (left) and in nite (right ) size [3].
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1 2 . 1
Sin =
2 2

= 2t cos

Since ; and , are very close to g it is reasonable to make the following approxima-
tions:

sin 1+sin ,=2
[ [ o 1 s [
. 1~ 2 _ 1 2
Sin > = >

With these approximations we obtain

L1 [

1~ 2
2t COS g =
5 B

and using the de nition of the FWHM introduced above gives arystal deptht = m-d
of

Bcosg’
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A more rigorous mathematical treatment of the problem rests in the Debye-Scherrer
formula:

K
t= 14
B cos g (14)

HereK is a dimensionless constant that may range from&0 to 1:39 depending on the
speci ¢ geometry of the scattering objects. For a perfect wrdimensional lattice, where
every point on the lattice emits a spherical wave, numericalalculations yield the lower
bound of Q89 forK [4]. A cubic three-dimensional crystal is best described ¢ = 0:94,
while analytical calculations for a perfectly spherical gject yield K = 1:33 [5]. For a
crystal of 50 nm thickness, a wavelength of:05nm and a plane spacing of:05nm the
di raction curve would broaden to 4- 102 radians or Q2" which is easily observable.



2 Diraction from proteins and organic materials

2.1 Dierences to diraction from crystals

Di erences between diraction from crystals and di raction from polymers, proteins or
other organic substances are multiple (see gure 12), we deéed to name the most im-
portant here:

« very large molecules with large molecular weights

e may be crystalline, semi-crystalline or amorphous

= unit cell very large, so reciprocal unit cell very small
e anisotropy of ordering in polymer samples

» frequently encountered in form of bers

e way more di raction re exes, amorphous halos,...

Fig. 12: Examples of di raction patterns for a crystalline naterial (left) and the protein
myoglobin (right).

2.2 Scattering from a single helix

As an example of more complex scattering, we will now derivéé scattering pattern for
a single helix. For sake of simplicity, assume the helix to ba nitely long and have the
material be uniformly distributed ( gure 13). Let the radius be labelledR and the period



2.2 Scattering from a single helix

L1
P. As we knowF (Q) [_E'?"dz. Letting the axis of the helix point in the direction of
the z-axis, we may rewrite its position vector as:

z .27
* = Rcos(%),Rsm(T),z

The integral above now decomposes into a sum over all periadsitiplied by a struc-
ture factor of a single period. To calculate the phase, we exgssQ in cylindrical coordi-
nates:

Q=(Qreps( ); Qrsin( ); Q)

A

Fig. 13: Sketch of a helix.

After a little calculation, we obtain the scattering amplitude:
]
F(Q) Eﬂ] eiQ? Rcos +in dz
where = =% — . Recalling the de nition of Bessel functions
1 - . :
J — _ eI Cos —+In '
n() 2in

we may rewrite our solution as follows:

F(Qr=Q,) L€ JL,(QR) (15)

The intensity resulting from this equation is shown in gurel4. The blue dots are
the principle maxima arising from peaks in the Bessel funcins. The gray circles are
secondary maxima of the zeroth order Bessel function. Theasdtering vector Q has been
decomposed into its components parallel and perpendiculer the axis of the helix.
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Fig. 14: The squared structure factor obtained from the anglical solution (= intensity).

2.3 Scattering from a double helix

To bridge the gap to double-stranded DNA, assume that two hiekes are displaced along
a common z-axis by . This corresponds to an azimuthal anglefo =2 ( =P), which

leads to a scattering amplitude of:

F(Q3Q ) IZII;I‘F gin@ =Pa I:'Jln(Q R) (16)

A comparison of this calculated intensity with the experimetal results obtained for
double-stranded DNA is shown in gure 15. Based on the di raton results, the following

helix properties may be calculated:
e period of the helix= 2:4 nm from position of the peaks on vertical axis
e radius = 1 nm from angle of cross

e displacement of helices= 3=8- P
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Fig. 15: Scattering intensity for double helix: experimeratl for DNA (left) and calculated
(right).



3 Notes on other x-ray topics

3.1 Powder and ber diraction

For a huge perfect crystal, one would expect to see only dots a 2D x-ray detector. For a
perfect powder sample, one would expect to see rings, sinbe Bragg condition speci es
the distances between the resulting maxima, but there is nasdinguished direction. For
ber di raction, crystalline regions inside are often alighed along the ber axis, but never
perfectly, so the diraction pattern shows peaks smeared ounto circles, which allow
computation of the alignment. An x-ray scattering result fo spider silk obtained at the
ESRF in Grenoble from a single ber is shown below in gure 16.

g senkrecht

0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6
Intensity *10E4

Fig. 16: WAXS results for single spider silk ber obtained athe ESRF.



3.2 WAXS and SAXS

3.2 WAXS and SAXS

The abbreviations mean wide angle and small angle x-ray staing. Note that WAXS is
the standard method, since large scattering distances meamall real space dimensions,
which one is usually interested in. When doing SAXS one is gtested not in the unit
cell, but possibly in an ordering between crystallites in ammorphous matrix or so. To
this end, the detector has to be placed a couple meters awagiin the sample with enough
intensity must still arriving there to make out the peaks. Asan example, one can see the
distance between crystallites in spider silk using SAXS. Mever, the silk must be wet for
those peaks to appear. The reason is that there must be a ddpgli erence between the
structures to make them visible in x-ray scattering. When dy, this is not the case, but
the water only penetrates the amorphous regions leading todensity contrast between
them and the crystallites.

3.3 Debye-Waller factor

The Debye-Waller factor (DWF), named after Peter Debye andviar Waller, is used in
condensed matter physics to describe the attenuation of &y scattering or neutron scat-
tering caused by thermal motion or quenched disorder. It hadso been called the B factor
or the temperature factor.

The factor depends on g, the absolute value of the scatteringector ¢ For a given
g, it gives the fraction of elastic scattering; (1-DWF(q)) orrespondingly the fraction of
inelastic scattering. In di raction studies, only the elasic scattering is useful; in crystals,
it gives rise to distinct Bragg peaks. Inelastic scatteringvents are undesirable as they
cause a diuse background - unless the energies of scattenearticles are analysed, in
which case they carry valuable information (inelastic newbn scattering).

Assuming harmonicity of thermal motion in the material unde study, the DWF takes
the form:

DWF = g <lotl*> = g~ ¢*<[u(0)*>=3

where< ::: > denotes thermal averaging anai(t) is the displacement of a scattering
center as a function of timet [6].



4 Connected topics and details

4.1 Miller indices

Since one is interested in di erent sets of planes when deadi with x-ray physics, it is
important to be able to nd and describe equivalent planes eciently. For this purpose
the Miller indices were developed. The Miller indices corsponding to a certain set of
plains are calculated as follows ( gure 17):

i. Initially compute the intersect of the planes with the crystallographic axes. The
result in 3D will be a set of three fractions, which indicate e intersection point
between the normalized basis vectors of the unit cell and th@anes. In case there
iS no such point,co is used.

ii. Then one calculates the reciprocal value of the above fitons.

iii. The resulting fractions are expanded to give natural nmbers. Obviously, for oo
this yields zero.

iv. Negative numbers are represented by a bar above.

v. The triplet hkl will be placed in parentheses, when it refers to a specic pia, in
accolades, when it refers to the entirety of all crystallogphic planes described by
the same indices.

Now the distance between two sets of planes may also be cadtet based upon the
Miller indices. Of course, this depends on the type of unit #e In the simplest case of a
cubic lattice, one obtains:

a

Ohia = TR

where a refers to the side length of a cubic unit cell.



4.1 Miller indices

a b !
infercept lensth 1 o 12
reciprocal 1 1 1

1 oo 1
cleared fraction 1 0 2

biller irdice ( 102)

Fig. 17: Determination of the Miller indices for the (102) pne.



4.2 Scattering of a plane wave

4.2 Scattering of a plane wave

A plane wave is given byAe'®oF—'0 whereA is the amplitude, Ky the wave vector and!
the angular frequency. Planes of equal phase for an in nitelarge plane wave are planes
perpendicular to the direction of the wave's propagation ahtherefore also perpendicular
to the wave vector. After a time t these planes will have travelled a certain distance
into the direction of the wave vector ( gure 18).

Fig. 18: The dotted line indicates the direction of the wave ector, the planes are areas
of equal phase at the times and t,.

When a plane wave encounters a point particle, it will emit dperical (elementary)
waves in response:

eikof = eikoi‘ + f(r’ ) eiklf

The factor f (r; ) incorporates anisotropic and distance dependent scatteng ampli-
tudes. This shall be neglected and set to one for the follovgrcomputations. In the far
eld the elementary waves may be treated as plane waves agailiVe shall look at the
phase di erence of waves scattered by two neighboring pactes, which depends on the
scattering vectorg= (K; — Kp). We can see on the left side of ( gure 19) that the optical
retardation between particle one and two is given by:

1 _ 1 _
= k—lklfé_k—okof'e

Since we intend to treat elastic scattering, the amplitudefdhe wave vector is identical
before and after scattering. Lettingk; = ko = k, we obtain:

1
= E(Ri — Ko) fe



4.2 Scattering of a plane wave

The phase dierence is now nothing other than2- - or k , so we have:

= (KL —Ko)fe = 9%

k — L gl
L -
| o T -
Kn b4 | % X >
Sl e : \\‘-e e /_,r'
l?L s *
e e ————— einfallende Welle gestreute Welle
1 = *
s
*
Ko a

*

Fig. 19: Scattering from two particles (left) and from N paricles arranged periodically
along the z-axis (right).

Of greater interest is the intensity resulting from scatteing from N patrticles as illus-
trated on the right of gure 19. The wave function after scatering from N particles is
simply the superposition of the waves emitted by each of theapticles. We label the parti-
cle from zero to N —1) and place the rst particle at the origin for prettier mathematical
results.

res= ot ot it nog = R0fe o4 ghorel 1y gy kot v

— eikof(eiqfoo + glffor 4 - 4 @lftForn )

Thanks to the simple geometry we chosg, = na€, which leads to a phase di erence
of gn = nag,. So the resulting wave function is:

— iI(of(1+ eiaqz + eiZaqz + 4 eiNaqz)

N
— ikof( einaqz)

res

n=0

Since the intensity is the absolute value squared of the wavenction, i.e. | = | |%
we may write:



4.2 Scattering of a plane wave

we may simplify the expression further. In our casg = €'3%. Notice that the above
formula holds true for all complex values, not just for thosavhere|x| < 1. This condition
is only required in the limit N — oo. Our simpli cation yields:

Ea— _eaNaqu
=0 @ rg- B
n=0

For any complex number|z|2 = zz holds, wherez is the complex conjugate ofz.
Additionally using e* = e ™ = coqx) —isin (x) allows the following transformations:

1_eiNaqz 1_e—iNaqz 2_eiNaqz — e—iNaqz
1 — elag; X 1— eiag: )= 2 — giag; — g-iag,
1—cos(Nagz)

- 2m2c0dNaG) |y [

I =(

2— 2coqaq) 1—cos(ag,)
2
_ in(%@
in(%E)
L1
For the last step the trigonometric identity sin(5) = =% was used, leading to

the desired simpli ed result without complex exponentials



REFERENCES

References

[1] http://hyperphysics.phy-astr.gsu.edu/hbase/quantum/xrayc.html
[2] Als-Nielsen, J., McMorrow, D.,Elements of Modern X-Ray PhysigsWiley, 2001
[3] Cullity, B.D., Elements of X-Ray Di raction, 2nd edition, 1978

[4] Kainhofer, R.,One way to get the Scherrer formula for size broadenjngJ Vienna,
http://reinhold.kainhofer.com/Physics/Scherrer/

[5] Patterson, A.L., The Scherrer Formula for X-Ray Particle Size Determination
PRL, Vol.56, p.978-982, 1939

[6] Wikipedia, http://en.wikipedia.org/wiki/Debye-Wal ler_factor



