Theory of the Lattice Boltzmann Method

Burkhard Diinweg
Max Planck Institute for Polymer Research
Ackermannweg 10
55128 Mainz

B. D. and A. J. C. Ladd, arXiv:0803.2826v2,
Advances in Polymer Science 221, 89 (2009)

B. Diinweg LB theory



Lattice Boltzmann

@ linearized

Y
A/ Boltzmann
/ equation (kinetic

—— theory of gases)
I P o fully discretized
/ @ sites 7, lattice
spacing a
# @ time t, time step h

\

o & small set of velocities
@ ¢;h connects two sites

@ n;(7, t): real number, mass density on site 7 corresponding to
velocity C;

ni(F+ Gih,t + h) = ni (7, t) = ni(7, t) + Ai(F, t)



Conservation laws, symmetries

ni(F+Cih, t + h) = nj (7, t) = ni(7, t) + Ai {ni(F, 1)}

mass conservation
momentum conservation
locality

rotational symmetry (lattice!)

B e W W

Galilei invariance (finite number of velocities)
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Low Mach number physics

@ only u < ¢
@ only u < ¢
o Ma=u/cs k1

@ low Mach number = compressibility does not matter =
equation of state does not matter = choose ideal gas!

mp, particle mass:

p

P = mikBT
p
0 1
2=9P _ T
op mp
p=pc:
_ 2
ke T = mpcs
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Where we want to get

in the continuum limit a — 0, h — 0:

atp + 804/01 =0
Otfo + 0 (pC2bap + pliatis) = O3oag
OaB = naﬁﬂyéa’y us

2
Nabys = (C - 377> 0030~ + 1 (0ar085 + 0a508+)

@ 1) shear viscosity
@ ( bulk viscosity
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Difference equation — differential equation

Example: consider

small a:

2% F(x) ~ g(x)
continuum limit a — 0:
d o g(x)
&f(x) o ;J;E»no a

watch out: if the rhs does not exist, then the continuum limit does
not exist!
corrections to the leading behavior?
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set
d
D = aa
g(x) = al(go(x)+ag(x) + 22g(x) +...)

g; independent of a

df a® d°f
flota) = flo)+ag] +5 52
X=Xp

= exp <ai(> f(x)

= [exp(D) — 1] f(x) = g(x)
f(x) = [exp(D)— 1]_1 g(x)
Df(x) = Dlexp(D)—1] " g(x)
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X=Xp

= exp (D) F(x)] 4=y

X=Xq




now,

X x  x? x4 x0 > By ok
T SRR S G -5 %
exp(x) — 1 2 12 720 ' 30240 i k!

Bernoulli numbers By

fix+a)—f(x) = gx)&
2
Df(x) = [1—§+f2+...}g(x)
d D D?

[80(x) + aga(x) + a°ga(x) + .. ]

systematic expansion in powers of a!
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LB continuum limit: how??

a— 0, h — 0 to be replaced by ¢ — O:

o wave-like scaling: a/h = const.

-

Ci
n;(F + eCioho, t + cho) — ni(F, t)

o diffusive scaling: a?/h = const.

-

Ci
n,-(FJr 68,'0/70, t+ 82h0) — n,-(F', t)

£ap
Eho

Cio

B. Diinweg LB theory



Expanding the solution

lhs is O(¢) = rhs must be O(¢)!

ansatz:
nj = n,(-o) + anfl) + 0(£?)
A,’ {I‘I,‘} = A(O) + EA(I) + O( 2)
_ ey
- { }—i—az anj " +0(e?)
=: EZLU”J(' )+O(€ )
J
and
A,‘ {nl(o)} =

conservation laws:

S al=%"alz =0

i i
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0= 2" = A

° {nl(o)} collisional invariant, {”50)} =
@ no spurious conservation laws =

0
o 7 = n%p.])
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No expansion for conserved quantities!

ngo) + Engl) + 0(82)
PO +epM 4 0(2)

= JO 40 4 02

n® (6 +2p® + 0(e2), 71O + £/ + 0(e?))

F=
oM = p) = —
o — =
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[*]
PO =p
[*]
jO=7
[*]
D=0
]
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Velocity moments

@ mass density
p=> _ni
i
@ momentum density
Ja = Z NjCia
i

@ stress

Mg = Z niCiaCig
i

@ 3rd moment
aﬁv E NiCia CipCiy
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LB continuum limit: wave-like scaling

mi(7 + eGiho, t + cho) — ni(7. £) = A;

set
D; = €hg0; + £hgCio,0q
D; D2
Dini = |1-— 7 + ﬁ 4. A
o el
(hoO¢ + hoCiaOa) n,(o) = Agl)
° 2

1
(hoO¢ + hocin0a) N M _ A(2) (hoat + hoCiaOa) A,(-l)
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take zeroth and first velocity moment:
1

[* Oia
hoOtp + hoOaja
hodejs + hodal') = 0
or
8tp+8ajoz =0
Orjp +0aly) =
° 2
0 = 0
(1) 1 Wx _ [
hodalG) = —Zhodl (nS)r =)
or

200 (N + 1Y) =0
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consequences:

o M depends only on p, j (locally!!)
o = MM must be the Euler stress!

Qi e
> nfciacip = pcbap + paus

1

@ stress relaxation at order €2 gives rise to “some sort of”
dissipation, but no relation to the previous order

@ i. e. relation to velocity gradients (viscous shear stresses) can
not be established!

@ we find: Euler equations at order €!, but no useful results
beyond!

can we at least adjust nfq such that we get Euler in the leading
order? YESI!
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The equilibrium populations
ansatz (Euler stress is a 2nd order polynomial in 4!):
nf? (p, i) = wip (L+ A - & + B(i - &)* + Cu?)

w; positive weights, identical within a shell. cubic symmetry:

ZW,‘ZI
i
ZW{C;azo
i

Z WiCiaCig = 02008

1

E W;CiaCigCiy = 0
i

Z W;CiaCigCinCis = K4 OaBvs

1

+04 (5aﬁ575 + (5a75/35 + (5(155/37)
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mass:

p o= Y

i
= ,OZW,' (1+AD’-E,-+B(L7-E',-)2+CU2)
i
0 = BUQUQZW/C/aCiﬂ+CU2
i

= Buyugoadsg + Cu?
= (Box+ () u?
C+Bo, = 0

B. Diinweg LB theory



momentum:

_ eq .
pUg = n:"Ca
i

= pZWiC,'a (1+AG- &+ B(i-&)*+ Cu)
= pAu5 Z WiCiaCig
i
= pAugo20.3
= pAoau,
Ao, = 1
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stress:

1
cféag + uqug = ; Z n,-einaCiﬁ
i
= ZW,‘C,'QC,'Q (1+AL7'E/+B(L7~(_Z})2+ Cuz)
i
= (1 + CU2) 0'25ag + BUWU5E4504575
+ Buyusos ((5(15(575 + 0ary0p5 + (5a5(5g7)

hence k4 = 0 and
6525(13 + Uqug = (02 + Copu® + Ba4u2) dap + 2Boguqug

i.e.op=c2 Coy+Boy=0,2Bos=1
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taken all together:

ke = 0

o2 = CS2
2Bos = 1
Cor+Bos = 0
C+Boy, = 0
Ao, = 1

six equations, six unknowns. multiply Eq. 5 with o> and compare
with Eq. 4. hence the solution is:

kg = 0

o = &

e =

A = 1/¢

B = 1/
c = -1@d)
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form of the equilibrium populations is

I - =21\2 2
9, 5) = wip 14+ G (LG v
nl (p> U) W,,O + C52 + 2Cs4 2C52

what are the weights? we need to satisfy the three conditions:

ZW;:]_
i

I<c4:0

04205

therefore, at least three shells are needed! each shell is assigned its
own oy, 04, k4 (assuming weight one).
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D3Q19

@ one zero velocity: ¢; = 0, weight wy

@ six nearest neighbors: ¢ = (a/h)(£1,0,0), (a/h)(0,=+1,0),
(a/h)(0,0,+£1), weight w;

@ twelve next—nearest neighbors: ¢; = (a/h)(£1,+1,0),
(a/h)(£1,0,+1), (a/h)(0,£1,+1), weight wy

@ zeroth shell: velocity moments trivial
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o first shell:

Sk = 2a/hf = o)
Z = 2(a/h)* = ka(l) + 304(1)
ZC,%CI% = 0=o04(/)

() = 2(a/h)?
0'4(/) =0
ka(l) = 2(a/h)*




@ second shell:
S k= 8(a/h) = o2l
i

> ch = 8(a/h)* = ra(ll) + 3o4(I)

Y cich = 4(a/h)* = ou(ll)

oa(ll) = 8(a/h)?
os(Il) = 4(a/h)*
ka(ll) = —4(a/h)*




0 = KR4
wyka(l) + wyra(Il)
2w; — 4wy

2wy

wioo(1) + wyoo(I1)

wy (202(1) + o2(11))
wi(a/h)2 (22 +8)
12wy (a/h)?

wioa(l) + wyoa(ll)

wy (204(1) + oa(I1))
4wy (a/h)*

73

= 144wj(a/h)*

Wi

02

04
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1 = 36wy

1
wy = ==
1 36
1
= 2 = —
wi wij 18
1 = wy+ 6w + 12wy
N
= W[ —_ —_
°T3"3
1
Cs2 = 02
= 12W//(a/h)2
1
= Z(a/h)?
3(a/h)

all coefficients of n? known!
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LB continuum limit: diffusive scaling

ni(F + eGoho, t + e%ho) — ni(F, t) = A;

watch out: & = 7 1C! define moments wrt &y, not &l e. g.
J=>_;niCip etc.!

set:
D; = 82h08t + €ho€ioaOu
D; D?
D,'I'I,': 1—?I+ﬁ+... A,‘
o cl:
hocioadan” = A
° %

hoat”,(O) + hOCi0a3a",(1) = AE2) - %hoc,-oaaaA,('l)
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0 _ A

i

hocioaOan

zeroth velocity moment:
804jo< =0
first velocity moment:

) _
daly5 =
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hoatnI(O) + hOCi0aaan(1) = AE2) o %hOCIOaaaAgl)

i

zeroth velocity moment:

8tp =0
incompressible fluid!
1st velocity moment:
1
Oujs + 010} = =50 (&)= nt)
L W, W) _
Oufs + 50, (MUY +1)) = 0
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Adding the equations

8tp+80/,ja =0
, 0,1 Ox , ) _
Ocfs + a1} + 50 (MUY +10)) = 0

«

looks like Navier-Stokes; M(®) Euler stress, (1/2) (MMW* 4+ N®)
viscous stress; BUT

@ dynamics with constraints:

80«/.04 =0
© _
2.n% =

8tp =0

@ incompressible — pressure as a Lagrange multiplier
o difficult to analyze! (Junk / Luo / Klar)
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All these difficulties go away when one
combines wave-like and diffusive scaling in a
multiple time scale analysis!

So, what is this?
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The idea of multiple time scale expansion

example: damped oscillator

d? 1d 1
Frear el
@ T oscillation period
o 7 frictional relaxation time
@ consider T < 7 (weak damping)
@ try to treat
T+
€= o
as a small parameter for perturbation theory

@ unit system: set T =1

d? d
2 X—|—2€dX+X—0

B. Diinweg LB theory



d? d
FX+2€EX+X—O

o x(t=0)=1,x(t=0)=—¢

@ exactly solvable

x(t) = exp (—¢t) cos (\/ 1- 52t>

€ dependence looks harmless, but ...
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Naive perturbation theory

d? d
Px—l—%ax—i—xzo

x(t) = xo(t) + ex1(t) + e>xa(t) + ...

yields hierarchy:
Xk + Xk = —2xk—1

with (def.) x_1 = 0, plus corresponding hierarchy of initial

conditions
o £0:
Xg = cos t
o cl:
X] = —tcost
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i. e., 1st order perturbation theory yields
x(t) = (1 — et) cost + O(e?)
identical with Taylor expansion of the exact solution!

For t > 1/¢ this becomes completely useless!!!

damped harmonic oscillator, epsilon = 0.01
15 r T T .

-0.5 AR

15 L L L L
0 50 100 150 200 250

t
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Deficiencies of naive perturbation theory:

@ does not capture the presence of different time scales (here:
fast oscillations vs. slow damping)

@ typically, this occurs if one has qualitatively different behavior
for e = 0 and small € > 0 (here: conservative vs. dissipative)

@ “singular perturbation theory” needed

B. Diinweg LB theory



Multiple time scale analysis

Idea:
x(t) = exp(—et)cos (\/1—621')
~ exp(—ct)cost
= exp(—ty)cost
= x(t, 1)
with
tp =¢t

consider x as a function of two independent variables t, t;
= should be able to grasp the time scale separation!
hence, study expansion

x(t,t1) = xo (t, t1) +exy (t, 1) + 2xa (t, t1) + ...

with
d 0 0t 0 0 0

+ — =—+4c¢
dt Ot Ot oty Ot oty



again the damped oscillator:

d. _
a — P
d
Ep = —2ep—x
(expand both x and p)
el
o
Fr Po
9y =
9P = 0
xo = A(t1)cost+ B(t1)sint
po = —A(ty)sint+ B(t;)cost

A(t1), B(t1) not yet known
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ot 1 = p1 oty 0
9 _ __9 5
8tp1 = 1 6t1p0 PO
ansatz
x1 = C(t,t1)cost+ D(t,t1)sint
pr = —C(t,t1)sint+ D(t,t;)cost
yields
A
% = —8——2Asin2t+285in tcost
ot ot
D B
8— = —a——2Bcos2t+2Asintcost
ot oty

integrate wrt t, but the solution should not explode!!!
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now,
<sin2 t> = <cos2 t> = %

hence
0A
—+A =0
8t1+
0B
—+B =0
8t1+
or
A Aexp (—t1)

insert this into €0 solution, initial conditions:

Xo = exp (—et)cos t
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difference exact vs. perturbation theory, eps = 0.01
0.002 r . . T

0.0015
0.001
0.0005
0
-0.0005
-0.001
-0.0015

-0.002 L . L L
0 100 200 300 400 500

B. Diinweg LB theory



Chapman—Enskog expansion

)

¢ © & ¢ ¢

original LBE:
n,-(7+ Cih t+ h) — n,-(F, t) =A;

desired: continuum limit h — 0, & fixed
set h = ehg

expansion parameter e < 1, ¢ — 0
write ty =t, n=r

yields:
n,-(?l + Giehg, t, + 8/70) — n,'(l_‘i, tl) =A;

two time scales:

@ waves: time ~ length
o diffusion: time ~ (length)?

second time scale: t, = ¢t
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@ study LBE:

ni(F +eCho, ty + cho, t2 + 2ho) — ni(7, t1, £2) = A

[*]
9 _ 9
of  0n
[*]
o _0 0
ot 0f Oty
@ set

D; = ehgcjn01a + €hg0s1 + €2h03t2

D; D?
Din 1—?+§+ Aj
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€ orders

@ el
(hOC/aala + hoatl) ( ) = E )
° 2
hodi2n® + (hociadia + hods1) n”
= A$2) B % (hOCiaala + hoafl) Afl)
or

hoat2n( ) (hoclaala + hoatl) ( (1)* + n(.1)> — A(2)
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Zeroth velocity moment: Mass conservation

atlp + aloJa - 0
81‘2/) =0

Hence,

& continuity equation OK!!!
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First velocity moment: Momentum conservation

Derfo + D15N) = 0

1
Ornio+ 5015 (M) +1%) =0

comparison with Navier—Stokes:

Euler stress:

0
I—I(aﬂ) = pcszéag + puqug

Newtonian viscous stress:

(M +1D) = o0
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Second velocity moment: A useful relation

(0) 0) _ p-1(p*@) (1)
041 + 01,00, = b5t (M) — )
from explicit form of n7?:

0

(Dgzﬁ)'y = p€Z (Uadgy + Updar + Uydap)

use continuity and Euler for
0

OuN) = 01, (pc2day + puatis) = ...

= (neglecting terms O(u3)):
1 1
I'Izl(ﬁ) — I'I((w) = hopcs (8QUQ + 85ua)

(details see next three slides)
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Calculation of ¢

hence

¢a57 = C2 us Z WiCia CiaCiy Ci§

P
= ?U(scs (5aﬁ576 + 5047555 + (5045557)

S

= pcZ (Baptiy + Saylip + Oy Ua)
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Equation of motion for the Euler stress

pure Euler hydrodynamics
nag = pCsz(Saﬁ + puqug

Euler equations:

b _ 9 + u,0
bt ot 7
D
Etp = —pOyuy
D
Ppile = —C.?aaﬂ
Ph., = (c260p + )2 +u = +u 2,
Dt @0 T \&0a8 T Halls) 5 P Halp U T HBP oy e

= —p (C$2(5ag =+ uau5) Oyuy — cfuaagp — C52 ugOup
neglect O(u3):
0
al‘lag + Uy 20050y p = —C20appOyty — CUadap — c2ugdap



3}
aﬂag + €20050 (puy) + Cuadsp + c2ugdap = 0

0
2 M+ sy () + 205 (pue) + 20 (pu3)
= 2pdgug + c2pdaug

9 2

al‘lag + 0y {pCs (5a/3U»y + 0gy U + 5a7u5)}
= c2pdgun + c2pdaup

0

5y Mas + Oy Pagy = pc (Daup + Oua)
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Linear collision operator

A = AP 1AM 1o
= 5A§1) + 0(e?)

O(?) does not contribute to hydrodynamics = ignore

& =3 Gy = et
j J

°}

A,’ = Z LU (nj — nfq)
J
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The linear collision process

n'* = nj—n?
*
ni = nj+ E Lijn? J
neqx neq
no= + Z Lijnj
M = 5,‘j + L,'j

neqgx
;i ZF’J n;

=777
simplest choice: Lattice BGK:

1

study here the MRT (multi relaxation time) framework!
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neq* Z rn neq
in

0 = D (2T )"
J i
s

€oi

= 1
eoj . 0 = Z eo,'r,'j
i

i. e. g is left eigenvector, eigenvalue zero.

B. Diinweg LB theory



neqx __
= Zru nj
> i Cix =
_ Tr.. neq
0 = g g Cixljj n;
J i
0 = E C,'Xr,'j
i
= C(Cix
elj~0 = E e1,-l',-j
i

i. e. € is left eigenvector, eigenvalue zero.
analogous: €2 = Ciy, €3j = Cjz
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neq* [n
Z i J

> CiyCiny (bulk stress) = (bulk stress relaxation with 7p):

negx  __ P o neq
nw - Z Z C’WC"YF’J n;
j i

neqx  __ neq __ neq . __ o neq
M5 = iy = E :”j Sy = E ,(V6Sj5Gj) 1}
J Jj
TbCirCiy = E :Civcivrij
€4i = CiyCiy

ey = el
i

i. e. & is left eigenvector, eigenvalue v,
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...and so on! &,...,€y: five shear stresses, eigenvalue 7, (same
value for symmetry reasons)

€10, - - -, €18 9 "kinetic modes”, “ghost modes” (higher—order
polynomials in the ¢;)

i. e. we do not know [ directly, but its eigenvalues and
eigenvectors!

generally (eigenvalues ;)

ekiVk = E exil ij
i

il <1

for linear stability!
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set
Z e,
Yo Tar

neq neq neq
> D el | 17 =D egun™ = yem,
J i J

I. e. the relaxation process is simple in mode space!

® 7 =71 =72 =3 =0 (mass and momentum conservation)
@ 4 = 7yp (bulk stress)
® 5 =...= 9 = s (shear stress)

® 10 = ... =718 = 0 (simplest choice, not necessary)
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Orthogonality

scalar product:
('|n) = Z w;n}n;
i

Claim: It is possible to pick the eigenvectors in such a way that
they satisfy
(€kl€r) = Nidu

where the N are just normalization constants.

Proof: Either you understand group theory pretty well, or you do
an explicit Gram—Schmidt orthogonalization! Result is tabulated in
the review!
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1
o = —§ w; e eji
N ’,
>y reni
= —€kir | 7€l
,, Ne VN
. w;
ki = — €k
1 Nk 1

o = E k&
i

i. e. & is a standard orthogonal matrix with Euclidean scalar
product!
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. 1

my = my
\/Nk

. 1

ng = n;

vV Wi
me = E éxinj
i

orthonormal transformation, trivial to invert!
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Linear stress relaxation and viscosities

Moy = ﬁaﬁ+%5a6nvv
g e
e
M = = P — A+ 30 (M09 — 1)
= (s = DI + 3005 (s~ T
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on the other hand, we had derived

M? —Noy = hpcZ (Daus + Opua)
2
= hpc? (8au5 + Ogu — 35(1587%)
2, 5
+ gh,ocS 0030~ Uy
comparison:

e 2
(vs —1) ﬂaﬁq = hpcs2 <3au§ + Oguq — 36a/387u,y)

(o —1)N5T = 2hpc2., s,
or
_ h C2 2
= <aauﬁ + Ot — 35(15(%%)
2hpc?
net = > 04u
7Y vp—1 v Hy
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Chapman—Enskog told us: Newtonian viscous stress is

1
—O0p = = (I—Ineq* + I—Ineq)

2
hence
1 |=|neq* + I—Ineq) o 1( + 1) I—Ineq
2\ o\
hpc? ~s + 1 2
= p25 ;}: — <6aug + Oguy — 3504537%/)
2
=-n (3auﬁ + Ogua — 3504387“7)
and
11 11
5300 (M5 + M) = = 20ag (76 + 1) M3
hpcs v+ 1
g 3 s ’Yb _ 1(5(1567”7
== Céa,gavuv
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read off viscosities:

_ hpcZ 141, C:hpcs21+7b
U N 3 1

gamma_s

e |vi| <1 < positive viscosities!
@ any viscosity values are accessible!
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