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Localized waves in a parametrically driven magnetic nanowire

M.G. Clerc1, S. Coulibaly2 and D. Laroze3,4
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2 Laboratoire de Physique des Lasers, Atomes et Molécules, CNRS UMR 8523, Centre d’Etudes et de Recherches
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Abstract. - The pattern formation in a magnetic wire forced by a transversal uniform and
oscillatory magnetic field is studied. This system is described in the continuous framework by the
Landau-Lifshitz-Gilbert equation. We find numerically that, the spatio-temporal magnetization
field exhibits a family of localized states that connect asymptotically a uniform oscillatory state
with a extended wave. Close to parametrical resonance instability, an amended amplitude equation
is derived, which allow us to understand and characterize these localized waves.

Introduction. – During the last years macroscopic
particle-type solutions or localized states in dissipative
systems have been observed in different fields, such as:
domains in magnetic materials, chiral bubbles in liquid
crystals, current filaments in gas discharge, spots in chem-
ical reactions, localized states in fluid surface waves, oscil-
lons in granular media, isolated states in thermal convec-
tion, solitary waves in nonlinear optics, dissipative solitons
in magnetic materials, to mention a few (see the reviews
[1–5] and references therein). In one-dimensional spatial
systems, localized states can be described as spatial tra-
jectories that connect one steady state with itself, which
means, they are homoclinic orbits from the dynamical sys-
tem point of view [6]. Whereas, domain walls or front solu-
tions are seen as spatial trajectories connecting two differ-
ent steady states—heteroclinic curves of the corresponding
dynamical system [7]. Particular localized states of an ex-
tended system in one-dimensions, which has focused much
efforts in the past decade, are localized patterns. One can
understand these localized patterns as patterns extended
over only a small portion of the system [8, 9]. Hence, the
localized patterns are homoclinic trajectories that link a
uniform state with itself, which passes close to a pattern
state [6, 7]. Recently, a geometrical interpretation of the
existence, the stability properties, and the bifurcation di-
agram of localized patterns in one-dimensional extended

systems has been proposed [10,11]; and more recently, the
existence of localized patterns based on front interaction
was developed in Ref. [12].

On the other hand, for quasi-reversible systems, time re-
versal systems perturbed slightly injection and dissipation
of energy [13], the prototype model that exhibits local-
ized structures (dissipative solitons) and pattern states is
the parametrically driven damped nonlinear Schrödinger
equation (PDNLS) [14–16]. This model has been de-
rived in several contexts to describe patterns and local-
ized structures like vertically oscillating layers of water
[17], nonlinear lattices [18], optical fibers [19], Kerr type
optical parametric oscillators [20], magnetization in an
easy-plane ferromagnetic exposed to an oscillatory mag-
netic field [21,22], and parametrically driven damped pen-
dula chains [23]. However in Refs. [24,25], we have shown
that this model does not account for a family of localized
states that connect asymptotically an uniform oscillation
with itself. The main reason of the lack of these states
in PDNLS is the loss of stability of the uniform, which
accounts for uniform oscillation state. The stability of
these states is controlled by higher nonlinearities. Hence,
in this framework a localized state that connects asymp-
totically a uniform oscillation with a extended wave can
not be expected in this approach—we term this state as
localized waves. Nevertheless, numerical simulations, in a
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ferromagnetic anisotropic wire exposed to an oscillatory
magnetic field in the validity region of parameter space of
PDNLS exhibit these types of localized waves.

The aim of this work is to study the family of localized
waves observed in magnetization field of an easy-plane fer-
romagnetic wire in the presence of a uniform and an os-
cillatory magnetic external field. Amending the PDNLS
with higher order terms, allows us to explain both, the ex-
istence and stability of the localized waves, homogeneous
oscillations and extended wave solutions. Hence, using
this amended amplitude equation, we recover the original
dynamical behavior of the magnetic system. Moreover,
close to the pattern instability, we are able to characterize
this bifurcation as a quintic supercritical bifurcation. The
paper is arranged in the following way: In Sec. 2 the theo-
retical model and the numerical simulations are presented.
In Sec. 3 the magnetization dynamics is reduced to a non-
linear oscillator system. The amending amplitude equa-
tion is derived and numerical simulations are performed
in Sec. 4. Finally, conclusions are given in Sec. 5.

Theoretical Model. – The standard approaches to
study the dynamics of the macroscopic magnetization re-
versal are the Landau-Lifshitz (LL) [26] or the Landau-
Lifshitz-Gilbert (LLG) equation [27]. Nonlinear time de-
pendent problems in magnetism have already been studied
in many cases, and an account of the state of the art can
be found in Refs. [28–30]. These models have been using
in both discrete [31–33] and continuous magnetic systems
[21,22,24,25].

Let us consider a magnetic wire in the continuous frame-
work, such that the normalized magnetization field is given
by M = M(r, t), where r and t stand for the space co-
ordinates and time, respectively. We focus in a ferro-
magnetic anisotropic long wire, so we consider the move-
ment of magnetization along the wire axis, represented by
ẑ = (0, 0, 1). Hence, the dynamical evolution of this wire
can be modeled by the LLG equation and it can be written
as:

∂tM = −M× Γ + λM× ∂tM. (1)

The effective torque field, Γ, is given by Γ = ∇2M −
β (M · ẑ) ẑ + H, where the Laplacian term accounts for
the coupling of the magnetization with the first neigh-
bors, β > 0 is the easy-plane anisotropy constant and H
is the external magnetic field. Let us take into account an
external magnetic field H comprises both a constant and
oscillatory parts, that is H = Hxx̂ ≡ (H0 + h0 cos(ωt))x̂.
In the above equation, λ denotes the dimensionless phe-
nomenological damping coefficient which is characteristic
for the material and whose typical value is of the order
10−4 to 10−3 in garnets and 10−2 or larger in cobalt or
permalloy [30].Throughout this manuscript we use dimen-
sionless quantities having scaled the magnetization (and
magnetic fields) by the saturation magnetization Ms, the
time t by 1/|γ|Ms, where γ is the gyromagnetic factor as-
sociated with the electron spin |γe|µ0, and the space coor-
dinates r by the exchange length lex =

√
2J/µ0M2

s , where

Fig. 1: Phase Diagram of Eq. (1) as a function of ν and h0.
The shaded region is the Arnold’s tongue. The dashed line
separates the existence region of the localized waves. The fixed
parameters are λ = 0.025, H0 = 1 and β = 20.

J is the effective exchange coupling constant. Taking, e.g.,
material values [30] Ms ∼ 800 kA/m or µ0Ms ∼ 1 T,
J = 2π×10−11 and |γ| ≈ 2.21×105 m A−1s−1 the dimen-
sionless time and length scale correspond to ≈ 6 ps and
to ≈ 10 nm as physical scales, respectively. The present
technology is able to follow experiments at the femtosec-
ond scale. Indeed, Beaurepaire et al. [34] were the first
to observe the spin dynamics at a time-scale below the
picosecond scale in nickel particles.

Steady states. A simple homogeneous state of
model (1) is M = x̂, which represents a uniform mag-
netization parallel to the magnetic forcing. Small per-
turbations of this homogeneous state are characterized by
damped dispersive waves, with frequency close to Ω0 =√
H0(H0 + β). When the wire is forced close to double

of this natural frequency, ω ≡ 2(Ω0 + ν), ν being the
detuning parameter, this uniform state becomes unsta-
ble by means of a oscillatory instability. This Subhar-
monic bifurcation is characterized by a Floquet multiplier
in the complex space that crosses the unit cycle through
-1. This bifurcation gives rise to a uniform attractive pe-
riodic solution, which corresponds to a parametric res-
onance [35]. More precisely, the bifurcation occurs at
h20c = (4Ω0)2[ν2 + (λq/2)2]/β2 with q = β + 2H0; and
this relationship defines the first Arnold’s tongue. Fig-
ure 1 shows the phase diagram for model (1) for the first
Arnold’s tongue. We can recognize two different zones,
outside (OS) and inside (IS); for instance in the left hand
OS-zone appear soliton solutions [21] and in the right hand
OS-zone appear extended waves [24]. Also, in the IS-zone
spatio-temporal chaos appears [36] as well as oscillating
states and localized waves, as we shall see later.

The uniform oscillations account for uniform or synchro-
nized precession motions of the magnetization around the
easy axis x̂ in the zy-plane with frequency close to Ω0,
as is shown in Figure 2. Note that Mz and My have the
same frequency, however they are out of phase and Mx has
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Fig. 2: (color online)Uniform oscillations: spatio-temporal dia-
gram of the three components of the magnetization field M ap-
pearing in Eq. (1) by λ = 0.025, H0 = 1, β = 20 ν = −0.002441
and h0 = 0.28.

twice of this frequency. One can understand these dynam-
ical behavior in the following way: M2

x = 1 −M2
y −M2

z ,
as a consequence of the conservation of the magnetization
modulus. Assuming My ∼ Mz � 1, we can approximate
Mx ≈ 1− (M2

y +M2
z )/2− (M2

y +M2
z )2/8. Moreover, Mz

and My are oscillatory functions around zero with period
T = 2π/Ω, then Mx is a periodic function with half period.

In the same parameter region, we numerically observe
that the system exhibits sub-harmonic extended waves
with frequency Ω0 for Mz and My and frequency 2Ω0 for
Mx. This motion constitutes a extended wave of the pre-
cession motion of the magnetization around the easy axis
as shown Figure 3.

Fig. 3: (color online)Sub-harmonic extended waves: spatio-
temporal diagram of the three components of the magnetiza-
tion field M appearing in Eq. (1) by λ = 0.025, H0 = 1, β = 20
ν = −0.002441 and h0 = 0.28.

Localized waves. Due to the coexistence of these two
extended steady states, one expects to find a family of so-
lutions that link these states—localized waves– which is a
solution composed of a pair of fronts that corresponds to a
homoclinic solution. To our knowledge this is a novel type
of localized state for parametric driven systems; and the
main ingredient for the existence of this localized states is
the coexistence between uniform oscillation and extended
waves. We have numerically observed these localized so-
lutions. Figure 4 shows the three component of the vector
field M in its spatio-temporal diagram, where localiza-
tion is observed in all components. Furthermore, the os-
cillation frequencies of the components are synchronized.
These states are particle-type solutions [6], that is, these
states can be created or destroyed in any place of the sys-
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Fig. 4: (color online)Localized waves: spatio-temporal diagram
of the three components of the magnetization field M appear-
ing in Eq. (1) at λ = 0.025, H0 = 1, β = 20 ν = −0.002441
and h0 = 0.28.

tem. Besides, these states are characterized by a set of
parameters: the position of the center of mass and the
width [12]. Hence, from this states one can build up a
gas or mixture of these localized sates. Finally, we remark
that the existence region of localized waves, for a set of
fixed parameters, is shown in Figure 1 which is the region
bellow to the dashed line.

Amended Amplitude Equation. – Due to the
complexity of model (1) only fully numerical solutions
are possible. To gain more insight we study these lo-
calized states in a second step by an amplitude equa-
tion, which is quite simpler mathematically. Close to
the parametric instability it can systematically be de-
rived from the full dynamic equations [22] and generally

gives a qualitatively correct description, although often
quantitative agreement is not obtained. [9]. The stan-
dard amplitude equation that describes our magnetic sys-
tem close to the parametric resonance is the parametri-
cally driven and damped nonlinear Schrödinger equation
(PDDNLS) [21]. It is a partial differential equation for the
complex amplitude A for the envelope of the oscillations,
mz(t, z) = A(T,Z) exp(i(Ω + ν)t) + c.c. + Σ(A, t), where
c.c. signifies the complex conjugate and Σ(A, t) is a small
correction function in the form of a polynomial series in
A. One finds after some lengthy calculations the following
solvability condition [21]

∂TA = −iνA− i|A|2A− i∂2ZA− µA+ γĀ. (2)

where µ = λ(2H0 + β)/2 and γ = h0(2H0 + β)/(4Ω0)
are the effective damping and driving parameters, re-
spectively. Also, Ā stands for the complex conjugate
of A and the normalized variables are defined by Z ≡√

2ω0/(β + 2H0)z and T = γt. This model has often
been studied to understand soliton like solution [21] and
Faraday waves [24, 39]. Notice for certain values of the
parameters, model (1) can be approximated by the non-
linear Klein-Gordon equation and from this model one can
derive the above equation [21].

In addition, the PDNLS equation has different ho-
mogeneous states. The simple one is A = 0, which
represents the magnetization aligned in the wire di-
rection (M = x̂). Moreover, inside the Arnold’s
tongue, which is defined by γ2 ≥ µ2 + ν2, this model
has additional uniform states A±,± = ±x0(1 ± iy0),

where x0 =
√

(γ − µ)(−ν +
√
γ2 − ν2)/2γ and y0 =√

(µ− γ)/(µ+ γ). These solutions stand for a uniform
precession around the x-axis along the wire. However,
these states are unstable and A+,± is marginally stable
for zero detuning as consequence of the spatial coupling.
Hence, the only uniform linear stable state is A = 0. With-
out the spatial coupling this state is stable outside the
Arnold’s tongue. The spatial coupling describes by the
laplacian term in Eq. (2) modifies this scenario and the
zero state exhibits a spatial instability at γ = µ (for pos-
itive detuning) giving rise to the occurrence of pattern
states. This instability is a quintic supercritical bifurca-
tion [39], i.e. close to the bifurcation the pattern am-
plitude increases according to the power law (γ − µ)1/4.
If we decrease the detuning parameter, at fixed {γ, µ},
the amplitude and the wave number of the pattern are
slightly modified. These patterns still occur inside the
Arnold’s tongue. Nevertheless, close to the boundary of
the Arnold’s tongue for negative detuning the pattern
state disappears by a saddle-node bifurcation.

In brief, the PDNLS exhibits as trivial extended stable
state the zero solution and pattern state, which however
exist in different parameter regions. Hence, this model
does not account for the coexistence of a pattern state
and non zero amplitude states (A±,±), which is the min-
imal ingredient to observe a localized pattern. From the
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Fig. 5: Localized patterns, front and hole solutions: Real Part of
the amplitude A for equation (3) as a function of Z at γ = 0.57,
ν = −0.002441, µ = 0.275 and γη = 0.1.

dynamical system theory, the prototype model (2) is struc-
turally unstable [35]. The addition of higher order terms
can modify the stability features of the non zero amplitude
states.

To describe uniform precession and the family of local-
ized states exhibited by the magnetic system under study
it is required to consider the high order terms that amend
the amplitude equation (2). These new terms also provide
the stability of the uniform states and the particle-type
solutions. In the parameter region where the non zero
amplitude state is marginal at ν = 0, we expect that any
small corrections of the amplitude equation can render
this state linearly stable or unstable. Consequently, when
we consider the leading higher order terms the amended
amplitude equation reads [24]

∂TA = −iµA− iA |A|2 − i∂2ZA− νA+ γĀ+NA, (3)

such that the amended terms, NA, are given by

NA = −αA |A|2 + κ∂2xA− δ |A|
2
Ā+ β̃A3 + iη |A|4A (4)

The above terms are order γ5/2. Also, {α, κ, δ, β̃} are com-
plex functions of the parameters [24]. The extra terms add
novel behavior, which can be interpreted in the following
way: the term proportional to {α, κ, δ, β̃, η} are respec-
tively a nonlinear dissipation, diffusion, nonlinear para-
metric forcing and higher nonlinear response in frequency.
It is important to note that we have included all extra
terms that appear of order (µ5/2), considering a similar
injection and dissipation of energy, more precisely we con-
sider the scaling ν ∼ γ ∼ α ∼ κ ∼ δ ∼ β̃ ∼ µ, ∂T ∼ µ,
∂Z ∼ µ1/2, η ∼ 1 and µ � 1. Equation (2) is of order
µ3/2. Since A+,± is marginally stable of model (2), the
inclusion of extra terms recover the dynamical behavior of
the original model (1). Considering only some of these ex-
tra terms is sufficient to recover the qualitative dynamics
[40], however for consistency reason we have considered all
corrections of same order. In Ref. [40] the PDNLS equa-
tion is amended by a extra diffusion term, such that this
amendment produces novel localized solutions that con-
nect the zero state with a flat nonzero state. A complete
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Fig. 6: ν − γ phase diagram of the existence of the localized
patterns at µ = 0.275 and γη = 0.1. The solid line repre-
sents Arnold tongue. The gray area and points account for,
respectively, the oscillations and extended waves.

study of consequence of extra terms will be presented in
future works.

Numerical Solutions. For small detuning, we numeri-
cally observe that the amended amplitude equation (3) has
stable uniform solutions close to A+,± [24,25]. In the next
subsection we shown numerical solutions of the amended
amplitude equation.

Recently, we have shown that the amended amplitude
equation (3) has stable non zero uniform solutions [24],
hence the spatial connection between these states with it-
self or with other state is observed. On the other hand,
model (3) presents coexistence between stable pattern and
stable non zero uniform states for small detuning, thus
this model shows a solution that link these states, which
corresponds to a front solution (cf. Fig. 5a). From this
elementally solution using the theory of fronts interaction,
one can build up a family of localized patterns or hole so-
lutions [12]. The frames (b) and (c) of Fig.(5) show two
localized patterns with three and nine bumps, respectively.
These solutions represent localized waves in the paramet-
rically driven magnetic system, as those shown in Fig. 4.
Therefore, the incorporation of leading high order terms in
the parametrically driven damped nonlinear Schrödinger
equation accounts for particle-type solutions that link one
homogeneous state with a pattern state, producing a lo-
calized pattern.

It is worthy to note that in the same region of param-
eters other types of solutions can be found as shown in
Figure (5)d. In this figure, we observe a hole solution,
this state being the inverse solution of the localized pat-
tern, that is, this solution represents a localized uniform
precession surrounded by extended waves.

Finally, in order to study the robustness of the new
types of solutions we are numerically calculated the range
of parameters where the localized patterns exist. Figure
(6) shows the region of coexistence between the uniform
oscillations, which exist within the Arnold tongue, and
extended waves, which are represented by points .We can
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observe that the localized state persist in a wide range of
parameters.

Final Remarks. – Far from equilibrium systems in
general exhibit multistable states. The spatial connec-
tion of these states gives rise to a wealth and unexpected
dynamical behavior. One of the main goals of nonlin-
ear science is to understand this complex behavior. We
have here presented a novel type of localized states that
link asymptotically a homogeneous precession state with a
sub-harmonic wave in a magnetic anisotropic wire in the
presence of a parametric external magnetic field in the
transverse direction. The conventional approach of this
system lacks this novel family of localized pattern states.
The improvement of this model by consideration of lead-
ing high order terms account for these localized states in a
unified manner. Hence, due to the universal nature of the
considered model we expect to observe localized waves in
several driven systems such as a vertically oscillating layer
of Newtonian fluid, forcing nonlinear lattices, optical fibers
and Kerr type optical parametric oscillators.

Acknowledgments

We thank Harald Pleiner (MPI-P) for the critical read-
ing of the manuscript. The authors acknowledge the
partial financial support from the ANR-CONICYT 39,
FONDECYT 1090045 and 11080229, ACT project 127,
Millennium Scientific Initiative, P10-061F, CEDENNA,
and Performance Agreement Project UTA/ Mineduc.

REFERENCES

[1] Localized States in Physics: Solitons and Patterns, Eds. O.
Descalzi, M. Clerc, S. Residori, and G. Assanto, (Springer,
Berlin 2010).

[2] H.G. Purwins, H.U. Bodeker, Sh. Amiranashvili, Advances
in Physics 59, 485 (2010).

[3] T. Ackemann, W.J. Firth, G.L. Oppo, Adv. At. Mol. Opt.
Phys. 57, 323 (2009).

[4] A.B. Ustinov et al., Phys. Rev. Lett. 106, 017201 (2011);
A.B. Ustinov et al., Phys. Rev. B 81, 180406 (2010); A.B.
Ustinov et al., Phys. Rev. B 80, 052405 (2009).

[5] D. Koumoulis et al., Phys. Rev. Lett. 104, 077204 (2010).
[6] P. Coullet, Int. J. of Bif. Chaos 12, 245 (2002).
[7] W. van Saarloos and P.C. Hohenberg, Phys. Rev. Lett. 64,

749 (1990).
[8] G. Nicolis and I. Prigogine, Self-organization in Non Equi-

librium systems (J.Wiley & sons, New York, 1977).
[9] M. C. Cross and P. C. Hohenberg, Rev. Mod. Phys. 65,

851 (1993).
[10] P. D Woods, A. R Champneys, Physica D, 129, 147

(1999).
[11] P. Coullet, Phys. Rev. Lett. 84, 3069 (2000).
[12] M.G. Clerc and C. Falcon, Physica A 356, 48 (2005) and

reference therein
[13] M. Clerc, P. Coullet and E. Tirapegui, Phys. Rev. Lett.

83, 3820 (1999); Int. J. of Bif. Chaos 11, 591 (2001);
[14] I. V. Barashenkov and E. V. Zemlyanaya, Phys. Rev. Lett.

83, 2568 (1999).

[15] E. V. Zemlyanaya and N. V. Alexeeva, Theoretical and
Mathematical Physics, 159, 870 (2009).

[16] I. V. Barashenkov, E. V. Zemlyanaya and T. C. van Heer-
den, Phys. Rev. E, 83, 056609 (2011)

[17] J. W. Miles, J. Fluid Mech. 148, 451 (1984); M.G. Clerc
et al., Phil. Trans. R. Soc. A 367, 3213-3226 (2009); Eur.
Phys. J. D 62, 39-49 (2011).

[18] B. Denardo et. al., Phys. Rev. Lett. 68,1730 (1992).
[19] J.N. Kutz et. al., Opt. Lett. 18, 802 (1993).
[20] S. Longhi, Phys. Rev. E 53, 5520 (1996).
[21] I. V. Barashenkov, M. M. Bogdan, and V. I. Korobov,

Europhys. Lett. 15, 113 (1991).
[22] M. G. Clerc, S. Coulibaly, and D. Laroze, EPL, 90, 38005

(2010).
[23] N.V. Alexeeva, I.V. Barashenkov, and G.P. Tsironis,

Phys. Rev. Lett. 84, 3053 (2000).
[24] M. G. Clerc, S. Coulibaly, and D. Laroze, Phys. Rev. E

77, 056209 (2008); Int. J. of Bif. Chaos 19, 2717 (2009); Int.
J. of Bif. Chaos 19, 3525 (2009).

[25] M. G. Clerc, S. Coulibaly, and D. Laroze, Phys. D 239,
72 (2010).

[26] L. Landau, E.M. Lifshitz, Phys. Z. Sowjetunion 8, 153
(1935); L. Landau, Collected Papers of Landau, Pergamon,
New York, 1965

[27] T L. Gilbert, J.K. Kelly, in: Proceedings of the Pittsburg
Conference on MMM, Pittsburgh, PA, 1955, p. 253.

[28] P.E. Wigen (Ed.), Nonlinear Phenomena and Chaos in
Magnetic Materials, World Scientific, Singapore, 1994.

[29] B. Guo and S. Ding, Landau Lifshitz Equations, World
Scientific, Singapore, 2008.

[30] I. D. Mayergoyz, G. Bertotti, and C. Serpico, Nonlinear
Magnetization Dynamics in Nanosystems, (Elsevier, Dor-
drecht, 2009), and references therein.

[31] L.F. Alvarez, O. Pla, O. Chubykalo, Phys. Rev. B 61,
11613 (2000).

[32] G. Bertotti, C. Serpico, I.D. Mayergoyz, Phys. Rev. Lett.
86, 724 (2001).

[33] D. Laroze, P. Vargas, Phys. B 372, 332 (2006); D. Laroze,
L.M. Perez, Phys. B 403, 473 (2008); D. Laroze, P. Vargas,
C. Cortes, G. Gutierrez, J. Magn. Magn. Mater. 320, 1440
(2008); P. Diaz and D. Laroze, Int. J. of Bif. Chaos 19,
3485 (2009); D. Laroze, J. Bragard, O.J. Suarez, H. Pleiner,
IEEE Trans. Magn.47, 3032(2011); J. Bragard, H. Pleiner,
O.J. Suarez, P. Vargas, J.AC. Gallas, D. Laroze, Phys. Rev.
E 84, 037202 (2011).

[34] E. Beaurepaire, J.C. Merle, A. Daunois, and J.Y. Bigot,
Phys. Rev. Lett. 76, 4250 (1996).

[35] V.I. Arnold, Geometrical methods in the theory of ordinary
differential equations, Springer-Verlag, New York, 1983.

[36] V. S Shchesnovich and I. V. Barashenkov, Physica D 164,
83 (2002).

[37] C. Elphick, et al., Physica D 29, 95-127 (1987).
[38] Alan C. Newell, ”Solitons in Mathematics and Physics”,

(SIAM, Philadelphia 1985).
[39] P. Coullet, T. Firsch, G. Sonnino, Phys. Rev. E 49, 2087

(1994).
[40] I. V. Barashenkov, S. Cross, B. A. Malomed, Phys. Rev.

E 68, 056605 (2003).

p-6


	Introduction. –
	Theoretical Model. –
	Steady states. 
	Localized waves. 

	Amended Amplitude Equation. –
	Numerical Solutions. 

	Final Remarks. –
	

