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Abstract

Cylindrical magnetic nanostructures, like nanowires or nanotubes, should be used for the new generation of magnetic
devices. Therefore, the investigation of inter-element interaction is an intense area of research. In this paper we
investigated cylindrical nanostructures with non-uniform magnetization field. We focus on particles with a periodic
magnetization function and using Fourier series we reduced the problem to a single integral expression. Analytical
expressions for both, the self and the interaction magnetostatic energy, are given. These expressions are used to
analyze multisegmented tubes, as a function of the number of segments and the distance between particles.
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1. Introduction

Arrays of cylindrical magnetic particles, such as
wires, rings and tubes with particular geometric order-
ing have been extensively investigated during the last
years. Such structures can be tailored to display dif-
ferent stable magnetized states, depending on their ge-
ometric details. Besides the scientific interest in the
magnetic properties of these systems, there is evidence
that they might be used in the production of new mag-
netic devices or as media for high density magnetic
recording. In particular, two dimensional arrays of mag-
netic nanoparticles have been proposed as candidates
for magnetoresistive random access memory (MRAM)
devices [1–3]. In addition, because of their geometry
these arrays are very attractive for technological appli-
cations in areas such as magneto-optics [4, 5].

Wire arrays are produced inside a nanoporous alu-
mina membrane, with high quality and controlled ge-
ometrical characteristics. Nanoporous alumina mem-
branes with hexagonal ordering have been prepared by
a two-step anodisation process [6, 7]. Nanopores are

formed by a self-assembling process, and the param-
eters of the first anodization step determine important
characteristics of the final array, such as the degree
of order of the final pore array and the interpore dis-
tance. The magnetic properties of arrays of nanowires
are determined mainly by the magnetic nature of in-
dividual nanowires, but also by the symmetries of the
topological characteristics of the array. In particular,
the study of highly ordered arrays of magnetic wires
with diameters typically in the range of tens to hun-
dreds of nanometers is a topic of growing interest [8–
11]. This is a consequence of the development of exper-
imental techniques that lead to the production of such
arrays in a controllable and ordered way[6, 7]. The
high ordering of the array, together with the magnetic
nature of nanowires, gives rise to outstanding cooper-
ative properties of fundamental and technological in-
terest [12]. Bi-stable nanowires are characterized by
square-shaped hysteresis loops defined by the abrupt re-
versal of the magnetization between two stable rema-
nent states [13, 14]. In such systems, effects of interpar-
ticle interactions are in general complicated by the fact
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that the dipolar fields depend upon the magnetization
state of each element, which in turn depends upon the
fields due to adjacent elements. Therefore, the model-
ing of interacting arrays of nanowires is often subject to
strong simplifications, for example, modeling the wire
using a one-dimensional modified classical Ising model
[14, 15]. Zhan et al [16] used the dipole approximation
including additional length correction. Velázquez and
Vázquez [17], considered each microwire as a dipole,
in such a way that the axial field generated by a mi-
crowire is proportional to its magnetization. Neverthe-
less, the latter model is merely phenomenological since
the comparison of experimental results with a strictly
dipolar model shows that the interaction in the actual
case is more intense. They have also calculated the
magnetostatic field and expanded it in multipolar terms
[18], showing that the non-dipolar contributions of the
field are non-negligible for distances considered in ex-
periments. Recently, the energy of the magnetostatic
interaction between two magnetic elements of arbitrary
shape was derived within the framework of a Fourier
space approach by Beleggia et al. [19, 20]. When
a uniform magnetization is considered for each wire,
studies of magnetostatic interactions in arrays were per-
formed [21, 22]. In addition, micromagnetic calcula-
tions [23, 24] and Monte Carlo simulations [25] have
also been developed. Other studies on wires can be
found in Refs. [26–30].

The number of studies on magnetic nanotubes has
been growing in the last years [31–34] motivating in-
tense research in the field. Nanotubes exhibit a core-free
magnetic configuration leading to uniform switching
fields, guaranteeing reproducibility [34, 35] and due to
their low density they can float in solutions making them
suitable for applications in biotechnology [31]. Mag-
netic measurements [33], numerical simulations [34],
and analytical calculations [35] on such tubes have iden-
tified two main states: an in-plane magnetic ordering,
namely, the flux closure vortex state, and a uniform state
with all the magnetic moments pointing parallel to the
axis of the tube.

In both cases, magnetic wires and tubes, it is possi-
ble to prepare multisegmented particles [36], in which
magnetic layers alternate with non-magnetic ones. Ex-
perimental and theoretical results of these particles can
be found in Refs [37–45]. Also, soft and hard magnetic
layers can alternate in a stacking way forming particles
with a non uniform and periodic magnetization along
its axis. In this way, several magnetic configurations
can appear, making necessary particular calculations for
each case.

In order to avoid multiple calculations, in this paper

we present a general expression for the dipolar energy
of cylindrically shaped nanostructures with a periodic
general magnetization along its axis such that the vector
field varies along it. Because of the periodic nature of
the magnetization, it can be expanded in Fourier series,
leading to a closed expression for the energy in terms
of a single integral. We apply our method to interacting
identical multisegment particles.

The paper is organized as follows: In Sec. 2 the theo-
retical model for two cylindical magnetic object is pre-
sented. In Sec 3, our method is applied to an array of
multisegment particles. Finally, conclusions are drawn
in Sec. 4.

2. Theoretical Model

The description of a nano-object based on the investi-
gation of the behavior of individual magnetic moments
becomes numerically prohibitive. Therefore, we adopt
a simplified description of the system in which the dis-
crete distribution of magnetic moments is replaced by
a continuous one, defined by a function M(r) such that
M(r)δV gives the total magnetic moment within the el-
ement of volume δV centered at r. In this framework,
the magnetostatic field can be obtained from H(r) =

−∇U(r), where U(r) is the scalar magnetostatic poten-
tial given by [46]:

U(r) =

∮
S(V)

M (r′) · dS′

Γ |r − r′|
−

∫
V

∇′ ·M ( r′)
Γ |r − r′|

d3r′, (1)

where Γ = 4π/γB, γB is a constant for the different unit
system, being γB = 1 in SI unit while γB = 4π for the
Gaussian unit.

In what follows we investigate the magnetic state of
a two particles system, however our calculations can be
directly extended to more particles. The total magne-
tostatic energy, Em, of our two particles system can be
written in terms of the self-energies, E[i]

sel f that is, the en-
ergies of the isolated particles, and the interaction con-
tribution, E[i, j]

int , corresponding to the dipolar coupling
between them. In general, these terms are:

E[i]
sel f = −

µ

2

∫
Vi

Mi (r) ·Hi(r)d3r, (2)

and

E[i, j]
int = −µ

∫
V j

M j (r) ·Hi(r)d3r, (3)

where µ is a constant for the different unit system, being
µ = µ0 = 4π × 10−7H/m in SI unit while µ = 1 in
Gaussian unit. Furthermore, in the dipolar contribution
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to the self energy an additive term independent of the
configuration has been left out [47].

On the other hand, let us consider a general functional
dependence of the magnetization field which can be
written in general terms, using cylindrical coordinates,
as M(r) = Mρ(ρ, φ, z)ρ̂ + Mφ(ρ, φ, z)φ̂ + Mz(ρ, φ, z)ẑ.
However, in most cases, the magnetization is geome-
try dependent, and each component can be described
by a separable functional, that means: Mξ(ρ, φ, z) =

aξ(ρ)bξ(φ)cξ(z), with ξ = {ρ, φ, z}. For example, in
nanowires [21, 22, 48–53] and in nanotubes [35, 54]
the most typical configurations are the uniform magne-
tization M = M0ẑ and the vortex state M = Mφ(ρ)φ̂.
In nanorings [55] a useful model is M(φ) = Mρ(φ)ρ̂ +

Mφ(φ)φ̂, which describes the onion state. Similarly, in
nanodots [51] M = Mφ(ρ)φ̂ + Mz(ρ)ẑ has been used. In
this expression Mz = M0(1 − (ρ/ρc)2)n for 0 < ρ < ρc

and Mz = 0 for ρ > ρc, with ρc a parameter related to
the core radius and n a non-negative integer. Alternative
expressions for Mz have been proposed in the literature
[56, 57].

2.1. Particular Case: Two Tubes

Let us consider two cylindrical particles of length
2L, with internal and external radii ri and Ri, respec-
tively; with i = 1, 2. For simplicity, we assume that
they are parallels and that the longitudinal axis of the
tube is the z-axis. The relative distance and angle be-
tween the tubes is denoted by Di j and by θ, respec-
tively. The basic geometric parameters used in our cal-
culations are summarized in Fig.1. In what follows we
assume that the magnetization is along the z-axis, that is
Mi(r) = Miz fi(z)ẑ. In this case, Eq. (1) for the isolated
tubes can be reduced to (see Appendix A):

Ui(z, ρ) =
2πMiz

Γ

∫ ∞

0
dη

J0 (ηρ)
η

Ti(η)gi(η, z), (4)

where Ti(η) = RiJ1 (ηRi) − riJ1 (ηri), whit Jn(z) the
Bessel function of the first kind. The last function gi

can be written as gi(η, z) = giS (η, z)−giV (η, z), where gS

and gV represent the superficial and volumetric contri-
butions:

giS (η, z) = ε+
i exp (−η |z − L|)−ε−i exp (−η |z + L|)(5)

and

giV (η, z) =

∫ L

−L
dz′ exp

(
−η

∣∣∣z − z′
∣∣∣) [∂ fi (z′′)

∂z′′

]
z′
, (6)

where ε±i = fi(±L). If the tube has a uniform magne-
tization, fi(z) = 1∀D. In this situation the volumetric

ri 

Dij 
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rj 

(Dijcosθ,Dijsinθ) 

i	

 j	



Figure 1: Schematic representation of a system of two parallel tubes.
Both particles have the same length 2L, but different internal and
external radii denoted by r j and R j, respectively. (Top) General
view of the system. (Bottom) View of a perpendicular plane to
the longitudinal tube-axis. The longitudinal axis of the tubes de-
fine z-axis. The centers of the tubes are located in (0, 0, 0) and in
(Di j cos θ,Di j sin θ, 0), respectively.

contribution to the potential is zero, that is giV = 0. On
the other hand, the self-energy, given by Eq. (2), can be
presented as

E[i]
sel f =

µMiz

2

∫ Ri

ri

dρρ
∫ 2π

0
dφ

∫ L

−L
dz fi (z)

[
∂Ui(r′i)
∂z′

]
z
.(7)

Since Ui (ri) has not dependence on φ and the radial in-
tegral produces Ti(η)/η (see Appendix A), the reduced
self energy, e[i]

sel f = E[i]
sel f /ξ(i) with ξ(i) = 4πµM2

izVi/Γ,
can be written as

e[i]
sel f =

π

2Vi

∫ L

−L
dz fi (z)

[
∂

∂z′

∫ ∞

0
dη
ωi(η)
η2 gi

(
η, z′

)]
z
,(8)

where ωi(η) = (Ti(η))2. Furthermore, the interaction
energy between two particles is given by

E[i j]
int = µM jz

∫ R j

r j

dρρ
∫ 2π

0
dφ

∫ L

−L
dz f j (z)

[
∂Ui(r′)
∂z′

]
z
.(9)
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Using Eq. (4) this expression can be presented as

E[i j]
int =

2πµMizM jz

Γ

∫ ∞

0
dη

Ti(η)
η

∫ 2π

0
dφ (10)

×

∫ L

−L
dz f j (z)

[
∂gi (η, z′)

∂z′

]
z

∫ R j

r j

dρρJ0(ηq),

where q =
√

D2
i j + ρ2 + 2Di jρ cos(φ − θ). Using the

properties of the Bessel functions [58]

J0(∆) =

∞∑
m=−∞

exp(imϕ)Jm(a)Jm(b), (11)

with ∆2 = a2 + b2 − 2ab cos(ϕ). The last expression
can be integrated; the angular integral results in 2πδ0,m
with δa,b the Kronecker delta, and consequently the ra-
dial integral is T j(η)/η. Let us define a reduced energy
as e[i j]

int = E[i j]
int /ξ(i j) with ξ(i j) = 4πµMizM jzV j/Γ, hence:

e[i j]
int =

π

Vi

∫ ∞

0
dη
ωi j(η)
η2 Ii j (η) , (12)

where

Ii j (η) =

∫ L

−L
dz f j (z)

[
∂

∂z′
gi

(
η, z′

)]
z
, (13)

with ωi j(η) = Ti(η)T j(η)J0(Di jη). We remark that the
last expression is the most compact form for the in-
teraction energy for a general f j(z). When Di j → 0,
J0(Di jη) → 1, and the interaction energy reproduces
formally the results for the self energy, with the excep-
tion of a factor two, which represents the double count-
ing of the self energy.

We are now in position to qualitatively analyze the in-
tegrability of both energies. Our main criterion is based
on which type of possible functions are non-divergent
in the integral with respect to η. With this purpose in
mind, we define the Core function, C(η, {λ}) by C =

η−2J1(aη)J1(bη)J0(Dη) with λ = {a, b,D}. This func-
tion always appears in the energy, in fact it is multiplied
by different function of η such as g = 1 − exp (−2Lη)
[21]. Fig.(2) shows C as a function of η for different
values of the parameter D. We can see that in the low
η regime, (η << 1), C is approximated by a constant
C ≈ C0(λ), such that C0 increases when {a, b} increases.
For the intermediate regime, O(10−2) < η < O(101), C
has an oscillatory behavior. Finally, we see that, regard-
less of λ, for η > 101 the asymptotic value of C is zero,
that is C ∼ 0. Therefore, the core is a smooth function of
η, which ensures that the integral will be non-divergent.
In the next subsection we will calculate general expres-
sions for the energies when f j(z) is a periodic function
inside the tube.

10-8 10-5 0.01 10 104 107
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-0.2
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Figure 2: (color online) C(η, {λ}) as a function of η for different values
of D at a = 1 and b = 3. We report results for D = 0 (red line), 2
(yellow line), 4 (green line), 6 (light green), 8 (light blue) and 10
(blue).

2.2. Fourier Mode Expansion

This section is devoted to reduce our expression for
the energies, Eq. (8) and Eq. (12), to a single integral
problem. Since the magnetization field is null outside
the wire, we must define f j(z) as

f j(z) = (Θ(z + L) − Θ(z − L))ζ j(z), (14)

where Θ(·) is the Heaviside distribution and ζ j(z) is an
arbitrary, but bound function in the range [−L, L]. Now,
let us assume that ζ j(z) is a periodic function. Conse-
quently it can be expanded in Fourier modes

ζ j (z) =

∞∑
m=−∞

c( j)
m exp

( imπ
L

z
)
, (15)

where the coefficients c( j)
m are given by

c( j)
m =

1
2L

∫ L

−L
ζ j (z) exp

(
−

imπ
L

z
)

dz. (16)

Using Eq. (15) and Eq. (16) in Eqs. (8) and (12), one
can calculate the integral in {z, z′} analytically. Let us
write Ii j in Eq. (12) in two parts: Ii j = IS

i j + IV
i j , where

the superscripts S and V denotes the superficial and the
volumetric part, respectively. Using the Fourier repre-
sentation for ζ j(z) we can evaluate these contributions.
The analytical expressions for IS

i j and IV
i j are given by

(see Appendix B)

IS
i j(η) = LηΠ(η)

∞∑
m=−∞

(−1)mc( j)
m

(
ε−i α

∗
m + ε+

i αm

)
|αm|

2 (17)
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and

IV
i j(η) = 2(πηL)2Π(η)

∞∑
m,n=−∞

(−1)m+nn(m − n)c( j)
m c(i)

n

|αm|
2|αn|

2 ,(18)

where αk = ηL − iπk and α∗k is its complex conjugate,
ε±i = ζi(±L) and Π(η) = 1 − exp (−2Lη). Note that Eqs.
(17) and (18) are general expressions for any ζ j (z). For
a specific z-dependence of the magnetization the Fourier
coefficients c(i)

n can be calculated. Using Eqs. (8) and
(12), both the self and the interaction energy can be ob-
tained through the numerical evaluation of single inte-
grals. In the next section we give an application of this
general method.

2d

-L ...-3 w -w 0 w 3 w ... L
0

1

z

Ζ
Hz

L

Figure 3: Schematic representation of ζ(z) as a function of z and the
corresponding Fourier series. The numerical values in the truncate
series are L = 600nm, N = 5 and P = 200.

3. Application

We now apply this approach to the case of mag-
netic nanostructures consisting of alternate ferromag-
netic and nonmagnetic layers arranged within a multi-
layer structure, called multisegmented magnetic nanos-
tructure. Note that interest in the fabrication and the
characterization of this type of structures has increased
in the last years due to their possible technological ap-
plications [37–43]. In fact, they have been considered
as providing the basis for extending magnetic storage
densities beyond the superparamagnetic limit. More-
over, in such a system, a single tube with N magnetic
layers might store up to 2N bits, with a volume much
larger than those of the grains in conventional recording
media, in this way beating thermal fluctuations and in-
creasing the recording density by a factor 2N−1[40, 44].
We remark that the phase diagram of these barcode-
type nanostructures was recently calculated for different

types of magnetic configurations[45], but the interaction
between them has not still been reported. Hence, a first
study of the interaction between two of these bar-code
magnetic structures is in order.

In what follows we consider two identical multiseg-
mented tubes of length 2L where the internal and exter-
nal radii are denoted by r and R, respectively. Let us
define the ratio β = r/R, such that β = 0.0 represents a
solid cylinder and β→ 1 corresponds to a slim tube. For
both tubes the characterization functions, ζi(z) = ζ(z),
are defined in two branches:

ζ(z) =

{
ζ(z−) if z < 0
ζ(z+) if z > 0 , (19)

where

ζ(z−) =

{
1 −L < z < −υ ∧ −κ < z < −ι
0 other case (20)

and

ζ(z+) =

{
1 ι < z < κ ∧ υ < z < L
0 other case , (21)

with ι = 2(k − 1)w + d, κ = 2kw − d, υ = 2σw + d,
L = Nw and being k = 1, ..., σ and N = 2σ + 1. Here
{2d, 2(w−d)} denotes the nonmagnetic and magnetic re-
gions, respectively; and N the number of segments, such
that w = L/N. For these afore mentioned functions the
Fourier coefficients, given by Eq. (16), can be written
after a straightforward calculation as

cm =
i
(
e

imdπ
L − e

imπ
N + e

imπ
LN (2Nd+L) − e

imπ
NL (Nd+2L)

)
2mπ

(
e2imπ − 1

)−1
(
e

2imπ
N − 1

)
e

imπ
L (d+L)

.(22)

We remark that for m = 0 the value of c0 in Eq. (22) is
given by c0 = 1 − dN/L; and that for m , 0 the non-
zero values of cm in Eq. (22) are obtained only when
m = ±kN, where k is an integer. For numerical proce-
dures the Fourier series have necessarily to be truncated.
Its convergence strongly depends of the number of co-
efficients that are taken into account, here denoted by P.
Also, for functions that have discontinuities, there ap-
pears an overshoot (undershoot) in the eigenfunction se-
ries, close to the point of discontinuity, called the Gibbs
phenomenon [59]. In those cases the inclusion of more
and more terms does little to remove the overshoot (un-
dershoot), and only moves it closer to the point of dis-
continuity. Nevertheless, there is a numerical improve-
ment, called Lancos σ − Factor, that reduces the Gibbs
phenomenon [60].
Since the multisegmented structures are modeled by
functions with discontinuities, we use this method. The
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Figure 4: Relative error between c̃m and cm as a function of P.

σ − approximation of the Fourier series representation
is given by

ζ (z) ≈
P+1∑

m=−1−P

c̃m exp
( imπ

L
z
)
, (23)

where c̃m = sinc (qm) cm with sinc(x) = sin(x)/x and
qm = πm/(2P). For numerical purposes, we chose
L = 600nm and d = 20nm, hence the control parame-
ters to vary are {β,R,N,D}. Figure 3 shows the periodic
function ζ(z) that describes the multi-segmented tubes
as a function of z defined in the interval −L < z < L
with P = 200. We can observe that the amended Fourier
expansion, Eq.(23), is in very good agreement with ζ(z).
The numerical value of P has been chosen such that
the relative error between c̃m and cm is less than 1%,
as shown in Fig 4. assuring good results in what fol-
lows. Now, let us numerically determine the self- and
interaction energies using Eqs. (8) and (12), respec-
tively. For convenience, we have scaled the energy axes,
ẽi = 103e[i]

sel f and ẽi j = 103e[i j]
int .
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Figure 5: Normalized self-energy as a function of R for different val-
ues of N and β = 0.5, L = 600nm.

3.1. Self Energy
In this subsection we explore the dependence of the

self-energy, ẽi, on the tube geometry. Figure 5 shows ẽi

as a function of the external radius R for different num-
bers of segments, N. In this figure we see that when R
increases the self energy increases too. In fact, for each
N we find that ẽi has a dependence on R of the form
ẽi

N(R) = (a + bR)1/c, where (a, b, c) depend on N and
are numerically determined. For example, with N = 11
one obtains (a, b, c) = (0.3509, 0.2020, 1.2225). Also,
note that when N increases the self-energy strongly de-
creases, actually ẽi ∝ exp

(
−λN2

)
.
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Figure 6 shows ẽi as a function of the ratio between
the external and internal radii, β, for different number
of segments, N. Notice that when β increases the self-
energy decreases and for β→ 1 the energies collapse to
the same very small value (ei ∼ 10−3), regardless of N.
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Figure 7: Normalized interaction energy as a function of β for differ-
ent values of N at at R = 50nm and D = 250nm and L = 600nm.

3.2. Interaction Energy
Now we focus on the interaction energy, ẽi j, in this

multisegmented system. First, for a fixed distance be-
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tween the tubes, D = 250nm, we examine the depen-
dence on the ratio between the external and internal
radii, β, for different number of segments, N, as shown
in Figure 7. One can observe that it decreases when β
increases, and when β → 1 the energies collapse to al-
most the same small value (e[i j] ∼ 10−3), regardless of
N, similar to the case of the self-energy.

æ

æ

æ
ææææ

ææ
æ

æ
æ

æ

æ

æ

æ

æ

æ
æ

æ
æ

æ
æ

æ
æ

à

à
à

àà àààà
àà

à
à

à
à

à
à

à
à

à
à

à
à

à
ì

ì

ì
ìì

ìììììì
ì

ì
ì

ì
ì

ì
ì

ì
ì

ì
ì

ì ì

ò

ò
ò

ò

ò
òò òò ò ò ò

ò
ò ò

ò
ò

ò
ò

ò
ò ò ò ò

200 400 600 800 1000

1.0

1.5

2.0

2.5

LHnmL

e�
ij

ò D=400
ì D=350
à D=300
æ D=250

Figure 8: Normalized interaction energy as a function of L for differ-
ent values of D at R = 50nm, β = 0.5 and N = 3.

Let us analyze the dependence of the energy on the
length of the tubes. Figure 8 shows ei j as a function
of L for different distances and for a fixed radius. In this
figure we obverse that the interaction energy exhibits
a maximum at a given length beyond which it mono-
tonically decreases. The position of the maximum de-
pends linearly on the distance, that is Lm = a+bDm with
a = 133 and b = 0.66. In addition, for a fixed distance,
D, the interaction energy increases with increasing the
external radius, R.
Figure 9 shows the interaction energy as a function of
the distance between the tubes, D, for different number
of segments, N. We observe that it decreases according
to a power law decay when the distance increases:

ẽi j
N(D) = aD−b (24)

where (a, b) depend of N and are determined numer-
ically. For example, for N = 7 we get (a, b) =

(1883.9859, 1.3044) and for N = 15 we get (a, b) =

(1098.3164, 1.3599). Also, note that when N increases
the interaction energy decreases according to a stan-
dard exponential decay law ẽi j = a exp (−bN) with
(a, b) = (2.3, 0.108).

3.3. Square Array

With the previous relations for a two particle system,
we are now in a position to investigate the effect of the
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Figure 9: Normalized interaction energy as a function of D for differ-
ent values of N at R = 50nm, β = 0.5, L = 600nm.

inter-tube magnetostatic coupling in an array. The total
energy Earray of a square array of n × n particles can be
written as [21]

E±array = n2Esel f + 2n
n−1∑
p=1

(n − p)(±1)pEint (pD)

+2
n−1∑
p=1

n−1∑
q=1

(±1)p−qapqEint

(
4pqD

)
, (25)

with 4pq =
√

p2 + q2, apq = (n− p)(n−q) and where the
superscripts + (−) refer to the positive or negative value
of M0 j, respectively, which are related to the magnetic
ordering of the array. Actually, the + sign corresponds
to a parallel alignment of the magnetization of two el-
ements while the − sign denotes the antiparallel case.
We remark that Eint in Eq. (25) is the interaction en-
ergy between two identical magnetic elements of arbi-
trary shape. Also, note that an array with a large num-
ber of tubes (n ≈ 106), corresponds to a sample close to
0.01mm2 that can be experimentally prepared.

Let us analyze our particular case of a multiseg-
mented magnetic structure. In this situation the interac-
tion energy as a function of the distance can be approx-
imated by Eq.(24) for each N. Since the term Esel f de-
pends only on the geometric characteristics of the tubes,
we can define the quantity W±array = (E±array − n2Esel f )/n
in order to analyze the effect of the interaction between
tubes. We consider an array of identical tubes with
R = 50nm, β = 0.5, L = 600nm. Figure (10) illustrates
the behavior of W−array as a function of n for different
distances D. We observe that W−array decreases with n
and converges to a constant value approximately above
n ∼ 104. This value depends on D as shown in Figure
(11). Besides, we observe that for large values of D, the
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Figure 10: W−array as a function of n for different D at N = 7, R =

50nm, β = 0.5 and L = 600nm.
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Figure 11: W−array as a function of D for different values of N at n =

104, R = 50nm, β = 0.5 and L = 600nm.

normalized interaction energy of the array tends to zero
regardless of N. Finally, let us comment that in the fer-
romagnetic case, W+

array increases with n and converges
to a constant value close to n ∼ 107; and it decreases
when D increases.

4. Conclusions

In this paper we have derived general expressions of
the self-and magnetostatic interaction energies for two
nanostructures with cylindrical shape in a non uniform
state where the magnetization along the z-direction is an
arbitrary function of z. The results are explicitly given
in Eqs. (8) and (12), respectively. When the magneti-
zation is a bound and periodic function of z, we have
used the Fourier representation showing that both ener-
gies can be reduced to a single integral expression de-
pending on Fourier coefficients. As an example of this
technique we analyzed multisegmented nanostructures
of the same length but with different number of mag-
netic regions. We observed that the structures with more

segments have lower self -and interaction energies, that
tend to zero when the number of segments becomes very
large. In the case of a two-particle system we found that
the interaction energy decreases according to a power
law with the distance between the tubes. Moreover, we
studied a square array of multisegmented tubes, finding
that for the antiparallel order the interaction energy of
the array decreases as a function of the number of par-
ticles and for large values of the distance among tubes
it tends to zero. Finally, let us remark that this method
can be extended to different types of cylindrical parti-
cles with distinct magnetization states.
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Appendix A. Magnetostatic potential

Here we obtain the magnetostatic potential, U(r), given
in Eq. (1) for a magnetic tube with total length 2L, in-
ternal radius r and external radius R when the magne-
tization is described by M(z) = M0 f (z)ẑ. In order to
calculate it, we use the following Green’s function rep-
resentation [46]:

1
|r − r′|

=

∞∑
n=−∞

exp
(
in

(
φ − φ′

))
×

∞∫
0

dηFn(η) exp (−η |z> − z<|) , (A.1)

where Fn(η) = Jn(ηρ)Jn(ηρ′). Since the potential is the
superposition of two parts, U = US + UV (with US

the surface and UV the bulk contribution) we can cal-
culate both separately. The superficial contribution can
be written as

US =

∮
ST

M (r′) · ẑ′

Γ |r − r′|
ds′ −

∮
SB

M (r′) · ẑ′

Γ |r − r′|
ds′,(A.2)

where {ST ,SB} denote the top and bottom surface of
tube on z = L and z = −L, respectively. Using Eq. (A.1)
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the last expression can be rewritten as

US =
M0

Γ

∞∑
n=−∞

∫ ∞

0
dηJn (ηρ) gs (η, z)

×

∫ R

r
dρ′ρ′Jn

(
ηρ′

)
×

∫ 2π

0
dφ′ exp

(
in

(
φ − φ′

))
, (A.3)

where

gS (η, z) = ε+ exp (−η |z − L|)−ε− exp (−η |z + L|) ,(A.4)

with ε± = f (±L) and where Jn(z) is the Bessel function
of the first kind. The integration on φ′ results in 2πδ0,n
with δa,b the Kronecker delta. For n = 0, the integration
on ρ′ produce T (η) = RJ1 (ηR) − rJ1 (ηr). Therefore,
Eq. (A.3) is reduced to

US =
2πM0

Γ

∫ ∞

0

dη
η

J0 (ηρ) T (η)gS (η, z) . (A.5)

The volumetric contribution to the potential is given by

UV =
M0

Γ

∫
v

1
|r − r′|

[
∂ f (z′′)
∂z′′

]
z′

d3r′. (A.6)

Using Eq. (A.1) and after the integration on ρ′ and φ′

we obtain the volumetric component of the potential

UV =
2πM0

Γ

∫ ∞

0

dη
η

J0 (ηρ) T (η)gV (η, z) , (A.7)

where

gV (η, z) =

∫ L

−L
dz′ exp

(
−η

∣∣∣z − z′
∣∣∣) [∂ f (z′′)

∂z′′

]
z′
,(A.8)

Finally, the total magnetostatic potential can be written
as

U =
2πM0

Γ

∫ ∞

0

dη
η

J0 (ηρ) T (η)g(η, z), (A.9)

where g(η, z) = gS (η, z) − gV (η, z). This is just Eq. (4),
used in the main text.

Appendix B. Interaction energy

In this appendix we derive a closed expression for the
interaction energy of cylindrical particles in the case of
Mi(r) = Mi0 fi(z)ẑ. The general expression for the en-
ergy is given by Eq. (12):

e[i j]
int =

π

Vi

∫ ∞

0
dη
ωi j(η)
η2 Ii j (η) , (B.1)

with Ii j (η) = IS
i j (η) + IV

i j (η), where

IS
i j (η) =

∫ L

−L
dz f j (z)

[
∂

∂z′
giS

(
η, z′

)]
z

(B.2)

and

IV
i j (η) = −

∫ L

−L
dz f j (z)

[
∂

∂z′
giV

(
η, z′

)]
z
. (B.3)

The functions giS and giV are given in Eqs. (5) and (6),
respectively.

Since the magnetization field is null outside the wire,
we need to define f j(z) as

f j(z) = (Θ(z + L) − Θ(z − L))ζ j(z), (B.4)

where Θ(·) is the Heaviside distribution and ζ j(z) is an
arbitrary function, but bounded in the range [−L, L].
Now, let us assume that ζ j(z) is a periodic function. In
this case it can be written in the form

ζ j (z) =

∞∑
m=−∞

c( j)
m exp

( imπ
L

z
)
, (B.5)

where the coefficients c( j)
m are given by

c( j)
m =

1
2L

∫ L

−L
ζ j (z) exp

(
−

imπ
L

z
)

dz. (B.6)

Using Eq. (B.5) , the expression for IS
i j can be reduced

to

IS
i j(η) = η

∞∑
m=−∞

c( j)
m

(
ε−i Am(η, L) − ε+

i Am(η,−L)
)
,(B.7)

where ε±i becomes ε±i = ζi(±L), and where Am is given
by

Am (η,±L) =

∫ L

−L
dzS (z ± L) exp

(
−η |L ± z| +

imπ
L

z
)
,(B.8)

such that S (x) is the sign function, defined by

S (x) =


1 if x > 0
0 if x = 0
−1 if x < 0

. (B.9)

The integral given in Eq. (B.8) can be calculated as∫ L

−L
dz

S (z ± L)

exp
(
η |L ± z| − imπ

L z
) = ±

L (−1)m Π(η)
(ηL ∓ inπ)

.(B.10)

where Π(η) = 1 − exp (−2ηL). Hence, IS
i j (η) can be

written in closed form
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IS
i j(η) = LηΠ(η)

∞∑
m=−∞

(−1)mc( j)
m

(
ε−i α

∗
m + ε+

i αm

)
|αm|

2 (B.11)

where αm = ηL − imπ and α∗m is the complex conjugate
of αm.
By a similar procedure, we can find a compact expres-
sion for the volumetric term. Using the Fourier repre-
sentation of f j (z) the expression (B.3) becomes

IV
i j (η) =

iπη
L

∞∑
n=−∞

∞∑
m=−∞

nc( j)
m c(i)

n Bmn (η, L) , (B.12)

where the function Bmn (η, L) is given by

Bmn (η, L) =

∫ L

−L

∫ L

−L

dzdz′S (z − z′)

exp
(
η|z − z′| − i πL (mz + nz′)

) .(B.13)

The last integral can be calculated exactly

Bmn(η, L) =
2πiη(−1)m+n(n − m)L3Π(η)

|αm|
2|αn|

2 . (B.14)

Consequently, IV
i j can be written as

IV
i j(η) = Λ(η)

∞∑
m,n=−∞

(−1)m+nn(m − n)c( j)
m c(i)

n

|αm|
2|αn|

2 ,(B.15)

where Λ(η) = 2(πηL)2Π(η). We remark that, Eq.(B.11)
and Eq.(B.15) allow the interaction energy, Eq. (B.1),
to be expressed a single integral.
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